
Special relativity and steps towards
general relativity: SR

(c) CC-BY-SA-3.0

http://en.wikiversity.org/wiki/Special_relativity_and_steps_towards_general_relativity


SR+GR
� SR+GR: construct spacetime from set theory

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.1

http://en.wikipedia.org/wiki/World line
http://en.wikipedia.org/wiki/Minkowski space
http://en.wikipedia.org/wiki/Einstein field equations


SR+GR
� SR+GR: construct spacetime from set theory

� start with X = set of points, no distances between
points, angles, etc. de�ned

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.1

http://en.wikipedia.org/wiki/World line
http://en.wikipedia.org/wiki/Minkowski space
http://en.wikipedia.org/wiki/Einstein field equations


SR+GR
� SR+GR: construct spacetime from set theory

� start with X = set of points, no distances between
points, angles, etc. de�ned

� no absolute simultaneity = “time is not absolute"

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.1

http://en.wikipedia.org/wiki/World line
http://en.wikipedia.org/wiki/Minkowski space
http://en.wikipedia.org/wiki/Einstein field equations


SR+GR
� SR+GR: construct spacetime from set theory

� start with X = set of points, no distances between
points, angles, etc. de�ned

� no absolute simultaneity = “time is not absolute"

� add properties to X that satisfy theorems

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.1

http://en.wikipedia.org/wiki/World line
http://en.wikipedia.org/wiki/Minkowski space
http://en.wikipedia.org/wiki/Einstein field equations


SR+GR
� SR+GR: construct spacetime from set theory

� start with X = set of points, no distances between
points, angles, etc. de�ned

� no absolute simultaneity = “time is not absolute"

� add properties to X that satisfy theorems

� ! differentiable 4-(pseudo-)manifold

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.1

http://en.wikipedia.org/wiki/World line
http://en.wikipedia.org/wiki/Minkowski space
http://en.wikipedia.org/wiki/Einstein field equations


SR+GR
� SR+GR: construct spacetime from set theory

� start with X = set of points, no distances between
points, angles, etc. de�ned

� no absolute simultaneity = “time is not absolute"

� add properties to X that satisfy theorems

� ! differentiable 4-(pseudo-)manifold

� point particle in space ! w:World line in spacetime

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.1

http://en.wikipedia.org/wiki/World line
http://en.wikipedia.org/wiki/Minkowski space
http://en.wikipedia.org/wiki/Einstein field equations


SR+GR
� SR+GR: construct spacetime from set theory

� start with X = set of points, no distances between
points, angles, etc. de�ned

� no absolute simultaneity = “time is not absolute"

� add properties to X that satisfy theorems

� ! differentiable 4-(pseudo-)manifold

� point particle in space ! w:World line in spacetime

� point in spacetime ! spacetime “event"

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.1

http://en.wikipedia.org/wiki/World line
http://en.wikipedia.org/wiki/Minkowski space
http://en.wikipedia.org/wiki/Einstein field equations


SR+GR
� SR+GR: construct spacetime from set theory

� start with X = set of points, no distances between
points, angles, etc. de�ned

� no absolute simultaneity = “time is not absolute"

� add properties to X that satisfy theorems

� ! differentiable 4-(pseudo-)manifold

� point particle in space ! w:World line in spacetime

� point in spacetime ! spacetime “event"

� SR: spacetime = w:Minkowski space

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.1



SR+GR
� SR+GR: construct spacetime from set theory

� start with X = set of points, no distances between
points, angles, etc. de�ned

� no absolute simultaneity = “time is not absolute"

� add properties to X that satisfy theorems

� ! differentiable 4-(pseudo-)manifold

� point particle in space ! w:World line in spacetime

� point in spacetime ! spacetime “event"

� SR: spacetime = w:Minkowski space

� GR: spacetime = a solution of the
w:Einstein �eld equations

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR – p.1



SR: Minkowski spacetime

x

y

(0,0)

p

(x,y)

d

O

p at (x; y), distance from observer at O is d

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.2



SR: Minkowski spacetime

x'

y'

(0,0)

(x',y')

d

p

O

 
px0

py0

!

=

 
cos� sin�

� sin� cos�

!  
px

py

!

p at (x0; y0), distance from observer at O is d = unchanged

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.2



SR: Minkowski spacetime
t

(0,0)

p

(x,t)

O

D
s

x

p at (x; t ), w:invariant interval from observer at O is � s
where (� s)2 = � (� t)2 + (� x)2

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.2



SR: Minkowski spacetime

(0,0)

p

(x',t')

D
s

O

t'

x'

 
px0

pt 0

!

=

 
cosh� � sinh�

� sinh� cosh�

!  
px

pt

!

p at (x0; t0), invariant interval from observer at O is � s =
(� s)2 = � (� t0)2 + (� x0)2 = unchanged

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR – p.2



SR: Lorentz transformation

�( � ) :=

 
cosh� � sinh�

� sinh� cosh�

!
cosh� := e� +e � �

2

sinh� := e� � e� �

2
w:hyperbolic function

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.3



SR: Lorentz transformation

�( � ) :=

 
cosh� � sinh�

� sinh� cosh�

!
cosh� := e� +e � �

2

sinh� := e� � e� �

2
w:hyperbolic function

 
px0

pt 0

!

= �

 
px

pt

!

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.3



SR: Lorentz transformation

�( � ) :=

 
cosh� � sinh�

� sinh� cosh�

!
cosh� := e� +e � �

2

sinh� := e� � e� �

2
w:hyperbolic function

 
px0

pt 0

!

= �

 
px

pt

!

units: � only makes sense if same units for x, t, x0, t0

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.3



SR: Lorentz transformation

�( � ) :=

 
cosh� � sinh�

� sinh� cosh�

!
cosh� := e� +e � �

2

sinh� := e� � e� �

2
w:hyperbolic function

 
px0

pt 0

!

= �

 
px

pt

!

units: � only makes sense if same units for x, t, x0, t0

De�nition: 1 m := (1/ 2:99792458� 108) s � 10� 8:5 s � 3 ns

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.3



SR: Lorentz transformation

�( � ) :=

 
cosh� � sinh�

� sinh� cosh�

!
cosh� := e� +e � �

2

sinh� := e� � e� �

2
w:hyperbolic function

 
px0

pt 0

!

= �

 
px

pt

!

units: � only makes sense if same units for x, t, x0, t0

De�nition: 1 m := (1/ 2:99792458� 108) s � 10� 8:5 s � 3 ns

speed of light in a vacuum = c = 2:99792458� 108 m
1 s

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.3



SR: Lorentz transformation

�( � ) :=

 
cosh� � sinh�

� sinh� cosh�

!
cosh� := e� +e � �

2

sinh� := e� � e� �

2
w:hyperbolic function

 
px0

pt 0

!

= �

 
px

pt

!

units: � only makes sense if same units for x, t, x0, t0

De�nition: 1 m := (1/ 2:99792458� 108) s � 10� 8:5 s � 3 ns

speed of light in a vacuum = c = 2:99792458� 108 m
1 s

= 2:99792458� 108� (1=2:99792458� 108) s
1 s

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.3



SR: Lorentz transformation

�( � ) :=

 
cosh� � sinh�

� sinh� cosh�

!
cosh� := e� +e � �

2

sinh� := e� � e� �

2
w:hyperbolic function

 
px0

pt 0

!

= �

 
px

pt

!

units: � only makes sense if same units for x, t, x0, t0

De�nition: 1 m := (1/ 2:99792458� 108) s � 10� 8:5 s � 3 ns

speed of light in a vacuum = c = 2:99792458� 108 m
1 s

= 1 s
1 s

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.3



SR: Lorentz transformation

�( � ) :=

 
cosh� � sinh�

� sinh� cosh�

!
cosh� := e� +e � �

2

sinh� := e� � e� �

2
w:hyperbolic function

 
px0

pt 0

!

= �

 
px

pt

!

units: � only makes sense if same units for x, t, x0, t0

De�nition: 1 m := (1/ 2:99792458� 108) s � 10� 8:5 s � 3 ns

speed of light in a vacuum = c = 2:99792458� 108 m
1 s

= 1 s
1 s = 1 (dimensionless)

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR – p.3



SR: rapidity � vs velocity�
What is � ?

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.4



SR: rapidity � vs velocity�
What is � ?

observer A has worldline (x; t ) = (0 ; t)

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.4



SR: rapidity � vs velocity�
What is � ?

observer B has worldline (x0; t0) = (0 ; t0)

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.4



SR: rapidity � vs velocity�
What is � ?

observer B has worldline (x0; t0) = (0 ; t0)

in A's coordinate system, B's worldline is:
 

0
t0

!

= �

 
x
t

!

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.4



SR: rapidity � vs velocity�
What is � ?

observer B has worldline (x0; t0) = (0 ; t0)

in A's coordinate system, B's worldline is:

)

 
x
t

!

= � � 1

 
0
t0

!

=

 
t0sinh�
t0cosh�

!

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.4



SR: rapidity � vs velocity�
What is � ?

observer B has worldline (x0; t0) = (0 ; t0)

in A's coordinate system, B's worldline is:

)

 
x
t

!

= � � 1

 
0
t0

!

=

 
t0sinh�
t0cosh�

!

) x = t0sinh�

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.4



SR: rapidity � vs velocity�
What is � ?

observer B has worldline (x0; t0) = (0 ; t0)

in A's coordinate system, B's worldline is:

)

 
x
t

!

= � � 1

 
0
t0

!

=

 
t0sinh�
t0cosh�

!

) x = t0sinh� = t0cosh� sinh �
cosh�

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.4



SR: rapidity � vs velocity�
What is � ?

observer B has worldline (x0; t0) = (0 ; t0)

in A's coordinate system, B's worldline is:

)

 
x
t

!

= � � 1

 
0
t0

!

=

 
t0sinh�
t0cosh�

!

) x = t0sinh� = t0cosh� tanh �

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.4



SR: rapidity � vs velocity�
What is � ?

observer B has worldline (x0; t0) = (0 ; t0)

in A's coordinate system, B's worldline is:

)

 
x
t

!

= � � 1

 
0
t0

!

=

 
t0sinh�
t0cosh�

!

) x = t0sinh� = t tanh �

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.4



SR: rapidity � vs velocity�
What is � ?

observer B has worldline (x0; t0) = (0 ; t0)

in A's coordinate system, B's worldline is:

)

 
x
t

!

= � � 1

 
0
t0

!

=

 
t0sinh�
t0cosh�

!

) x = t0sinh� = t tanh � = �t

where velocity � := v=c� v = tanh �

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR – p.4



SR: calibration
Where does (x0; t0) = (0 ; 1) lie for observer A?

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.5



SR: calibration
Where does (x0; t0) = (0 ; 1) lie for observer A?

Where does (x0; t0) = (1 ; 0) lie for observer A?

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.5



SR: calibration
Where does (x0; t0) = (0 ; 1) lie for observer A?

Where does (x0; t0) = (1 ; 0) lie for observer A?

x

y

(0,0)

O

y'

x'

d 
= 

1

11

1

1

constant distance
d = 1 from (0; 0)

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.5



SR: calibration
Where does (x0; t0) = (0 ; 1) lie for observer A?

Where does (x0; t0) = (1 ; 0) lie for observer A?

t

(0,0)

O
x

x'

t'

1
1

tim
el

ik
e 

in
te

rv
al

co
sh

�

sinh�

(�
s)

2 =
�

1
constant interval
(� s)2 = � 1 from (0; 0)

� � 1

 
0
1

!

=

 
sinh�
cosh�

!

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.5



SR: calibration
Where does (x0; t0) = (0 ; 1) lie for observer A?

Where does (x0; t0) = (1 ; 0) lie for observer A?

t

(0,0)

O
x

x'

t'

1
1

1

1

tim
el

ik
e 

in
te

rv
al

sp
ace

lik
e in

terva
l

(�
s)

2 =
�

1

(�
s)
2 = +1

constant interval
(� s)2 = +1 from (0; 0)

� � 1

 
1
0

!

=

 
cosh�
sinh�

!

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.5



SR: calibration
Where does (x0; t0) = (0 ; 1) lie for observer A?

Where does (x0; t0) = (1 ; 0) lie for observer A?

Can high � push the t0axis close to the x axis?

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.5



SR: calibration
Where does (x0; t0) = (0 ; 1) lie for observer A?

Where does (x0; t0) = (1 ; 0) lie for observer A?

Can high � push the t0axis close to the x axis?

(0,0)

O

1

1

tim
el

ik
e 

in
te

rv
al 1

1

sp
ace

lik
e in

terva
l

t

x

t00

x00

(�
s)

2 =
�

1

(�
s)
2 = +1

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.5



SR: calibration
Where does (x0; t0) = (0 ; 1) lie for observer A?

Where does (x0; t0) = (1 ; 0) lie for observer A?

Can high � push the t0axis close to the x axis?

-1.5

-1

-0.5

0

0.5

1

1.5

-4 -2 0 2 4

b 
=

 ta
nh

 f
 

f

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR – p.5



SR: effect of� on x = t (photons)
What happens to a photon under Lorentz transformation?

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.6



SR: effect of� on x = t (photons)
What happens to a photon under Lorentz transformation?

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.6



SR: effect of� on x = t (photons)
What happens to a photon under Lorentz transformation?
Observer A: photon spacetime path is the set of
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) path is x0= (cosh � � sinh� )t = t0 i.e. the set of
spacetime events
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) path is x0= (cosh � � sinh� )t = t0 i.e. the set of
spacetime events
f (t0; t0) j (cosh� � sinh� )t1 < t 0< (cosh� � sinh� )t2g

� photon speed same in both reference frames
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) path is x0= (cosh � � sinh� )t = t0 i.e. the set of
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f (t0; t0) j (cosh� � sinh� )t1 < t 0< (cosh� � sinh� )t2g
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SR: adding velocities
interstellar ark travels at � 1 = 0:1 from Sun, sends out
rocket at � 2 = 0:5; rocket's speed � 3 in Sun frame =?
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� : alternative to hyperbolic trig functions
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SR: pole-barn/ladder paradox

� ladder of length 29:9 ns, garage length 30 ns
� instantaneously close front + back doors
� ladder frame: garage 30= ns long � 29:9 ns!!
Is this possible or not? Make a spacetime diagram.
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SR: four-velocity, four-momentum

Is the (3) -component (spatial component) of ~u the same
as the non-relativistic velocity?
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SR: four-velocity, four-momentum

momentum: ~p:= m~u = m (1; � x ; � y; � z)T , where m =
constant w:invariant mass
x . . . = tensor-style component notation, not powers
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SR: four-velocity, four-momentum
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SR: invariance of (4)u; (4)a; (4)f

Euclidean norm: k~xk2 =
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� ij = 1 if i = j , otherwise = 0 ; i; j 2 1; 2; 3

invariance: k~xk2 = same in all reference frames

sign convention: (� ; + ; + ; +) or (+ ; � ; � ; � ) are common

non-rest frame: k~uk2 = �  2 +  2� 2 = � 1
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SR: invariance of (4)u; (4)a; (4)f

Minkowski pseudo-norm: k~xk2 = � x0x0 + � ij x i x j

� ij = 1 if i = j , otherwise = 0 ; i; j 2 1; 2; 3

invariance: k~xk2 = same in all reference frames

sign convention: (� ; + ; + ; +) or (+ ; � ; � ; � ) are common

non-rest frame: k~uk2 = �  2 +  2� 2 = � 1

rest frame: k~uk2 = � 12 + 02 = � 1 invariant

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.25



SR: invariance of (4)u; (4)a; (4)f

Minkowski pseudo-norm: k~xk2 = � x0x0 + � ij x i x j

� ij = 1 if i = j , otherwise = 0 ; i; j 2 1; 2; 3

invariance: k~xk2 = same in all reference frames

sign convention: (� ; + ; + ; +) or (+ ; � ; � ; � ) are common

non-rest frame: k~uk2 = �  2 +  2� 2 = � 1

rest frame: k~uk2 = � 12 + 02 = � 1 invariant

similarly: k~ak2, k~f k2 invariant
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SR: energy: varies with ref frame

Newtonian K = (1 =2)m� 2 = 0 in rest frame
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SR: energy: varies with ref frame

Newtonian K = (1 =2)m� 2 = 0 in rest frame

4-force ~f is invariant, but

3-force usually de�ned to be frame-dependent:

3-force := d
dt

(3)~p 6= d
d�

(3)~p
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SR: energy: varies with ref frame

Newtonian K = (1 =2)m� 2 = 0 in rest frame

4-force ~f is invariant, but

3-force usually de�ned to be frame-dependent:

3-force := d
dt

(3)~p 6= d
d�

(3)~p

d
dt

(3)~p=
(3) ~f



0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR – p.26



SR: energy: varies with ref frame

in (x; t ) frame,
K = work done
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x

=
Z � 2

0

d
dt

(3)~p� d~x
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x

=
Z � 2

0

d
dt

(m� )dx

(assume (3) ~f= k ~x )
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x

=
Z � 2

0

d
dt

(m� )dx = m
Z � 2

0
d(� )

dx
dt
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x
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0

d
dt

(m� )dx = m
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0
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SR: energy: varies with ref frame

in (x; t ) frame,
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0

(3) ~f


� d~x

=
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0

d
dt
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x
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d
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x

=
Z � 2

0

d
dt

(m� )dx = m
Z � 2

0
d(� )�

= m
Z � 2

0
� (� d +  d� )
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
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0

(3) ~f


� d~x

=
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0

d
dt

(m� )dx = m
Z � 2

0
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0
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 =1
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 =1
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x

=
Z � 2

0

d
dt

(m� )dx = m
Z � 2

0
d(� )�

= m
Z � 2

0
� (� d +  d� )

= m
Z  =  2

 =1
(� 2 +  � 2)d ( d = � 3d�
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 =1
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x

=
Z � 2

0

d
dt

(m� )dx = m
Z � 2

0
d(� )�

= m
Z � 2

0
� (� d +  d� )

= m
Z  =  2

 =1
(� 2 +  � 2)d ( d = � 3d�

= m
Z  =  2

 =1
d = m 2 � m

) K + m = m drop “2"
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x

=
Z � 2

0

d
dt

(m� )dx = m
Z � 2

0
d(� )�

= m
Z � 2

0
� (� d +  d� )

= m
Z  =  2

 =1
(� 2 +  � 2)d ( d = � 3d�

= m
Z  =  2

 =1
d = m 2 � m

) K + m = m = p0
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SR: energy: varies with ref frame

in (x; t ) frame,
K = work done

=
Z � 2

0

(3) ~f


� d~x

=
Z � 2

0

d
dt

(m� )dx = m
Z � 2

0
d(� )�

= m
Z � 2

0
� (� d +  d� )

= m
Z  =  2

 =1
(� 2 +  � 2)d ( d = � 3d�

= m
Z  =  2

 =1
d = m 2 � m

) K + m = m = p0

so p0 = kinetic energy + rest mass
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SR: energy: varies with ref frame

Does small � limit agree with Newtonian K ?
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SR: energy: varies with ref frame

Does small � limit agree with Newtonian K ?

momentum time component:

p0 = m = m(1 � � 2)� 1=2

= m[1 � (1=2)(� � 2) + O(� 4)] if � � 1
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SR: energy: varies with ref frame

Does small � limit agree with Newtonian K ?

momentum time component:

p0 = m = m(1 � � 2)� 1=2

� m[1 + (1=2)� 2] if � � 1
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SR: energy: varies with ref frame

Does small � limit agree with Newtonian K ?

momentum time component:

p0 = m = m(1 � � 2)� 1=2

� m + (1 =2)m� 2 if � � 1

Yes.
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SR: ~p : : :: invariant or not?
momentum: ~p= m (1; � x ; � y; � z)T

p0 = m + K = m
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SR: ~p : : :: invariant or not?
momentum: ~p= m (1; � x ; � y; � z)T

p0 = m + K = m

non-rest frame: k~uk2 = �  2 +  2� 2 = � 1

rest frame: k~uk2 = � 12 + 02 = � 1 invariant
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SR: ~p : : :: invariant or not?
momentum: ~p= m (1; � x ; � y; � z)T

p0 = m + K = m

non-rest frame: k~pk2 = � m2 2 + m2 2� 2 = � m2

rest frame: k~pk2 = � m2 + 02 = � m2 invariant
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SR: ~p : : :: invariant or not?
momentum: ~p= m (1; � x ; � y; � z)T

p0 = m + K = m

non-rest frame: k~pk2 = � m2 2 + m2 2� 2 = � m2

rest frame: k~pk2 = � m2 + 02 = � m2 invariant

m = w:invariant mass � rest mass: invariant

AND conserved (in interactions): k~p+ ~qk2 = k~rk2
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SR: ~p : : :: invariant or not?
momentum: ~p= m (1; � x ; � y; � z)T

p0 = m + K = m

non-rest frame: k~pk2 = � m2 2 + m2 2� 2 = � m2

rest frame: k~pk2 = � m2 + 02 = � m2 invariant

m = w:invariant mass � rest mass: invariant

AND conserved (in interactions): k~p+ ~qk2 = k~rk2

where interaction is (4-momenta):

~p+ ~q! ~r
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SR: ~p : : :: invariant or not?
momentum: ~p= m (1; � x ; � y; � z)T

p0 = m + K = m

non-rest frame: k~pk2 = � m2 2 + m2 2� 2 = � m2

rest frame: k~pk2 = � m2 + 02 = � m2 invariant

m = w:invariant mass � rest mass: invariant

AND conserved (in interactions): k~p+ ~qk2 = k~rk2

where interaction is (4-momenta):

~p+ ~q! ~r

WARNING: assume that 4-momentum vectors at
different space-time positions can be
parallel-transported; not the case in curved spacetime
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SR: ~p : : :: invariant or not?
vector space ) pi + qi = r i (i = 1; 2; 3)
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SR: ~p : : :: invariant or not?
vector space ) pi + qi = r i (i = 1; 2; 3)

= conservation of (relativistic) (3) -momentum (Newtonian:
conserved)

but NOT invariant (Newtonian: not invariant)
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SR: ~p : : :: invariant or not?
vector space ) pi + qi = r i (i = 1; 2; 3)

= conservation of (relativistic) (3) -momentum (Newtonian:
conserved)

but NOT invariant (Newtonian: not invariant)

vector space ) p0 + q0 = r 0
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SR: ~p : : :: invariant or not?
vector space ) pi + qi = r i (i = 1; 2; 3)

= conservation of (relativistic) (3) -momentum (Newtonian:
conserved)

but NOT invariant (Newtonian: not invariant)

vector space ) p0 + q0 = r 0

= conservation of (relativistic) “total energy" = m + K
(Newtonian: m conserved, K not conserved, K +
potential energy conserved)

but NOT invariant (Newtonian: m invariant, K not
invariant)
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SR: ~p : : :: invariant or not?
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SR: ~p : : :: invariant or not?
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~p= m(; + �; 0; 0)T
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SR: ~p : : :: invariant or not?
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~q= m(; � �; 0; 0)T
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SR: ~p : : :: invariant or not?
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~q= m(; � �; 0; 0)T

~r = ~p+ ~q
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SR: ~p : : :: invariant or not?
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SR: ~p : : :: invariant or not?
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=
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0

~p= m(; + �; 0; 0)T

~q= m(; � �; 0; 0)T

~r = ~p+ ~q= 2m (1; 0; 0; 0)T
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SR: ~p : : :: invariant or not?
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+
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=
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~p= m(; + �; 0; 0)T

~q= m(; � �; 0; 0)T

~r = ~p+ ~q= 2m (1; 0; 0; 0)T

system rest mass be-
fore and after: 2m
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SR: ~p : : :: invariant or not?
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~p= m(; + �; 0; 0)T

~q= m(; � �; 0; 0)T

~r = ~p+ ~q= 2m (1; 0; 0; 0)T

system rest mass be-
fore and after: 2m
rest masses in many
different frames:
m + m 6= 2m if  6= 1
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SR: ~p : : :: invariant or not?
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+
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=

0

~p= m(; + �; 0; 0)T

~q= m(; � �; 0; 0)T

~r = ~p+ ~q= 2m (1; 0; 0; 0)T

system rest mass be-
fore and after: 2m
rest masses in many
different frames:
m + m 6= 2m if  6= 1p

�k ~pk2 +
p

�k ~qk2 6=p
�k ~rk2
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SR: ~p : : :: invariant or not?

t
t00 t0
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x00

t =
x �

k~p
k

2 =
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k~qk 2
=
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2

t =
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+
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k2
=

?

x0
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=

0

~p= m(; + �; 0; 0)T

~q= m(; � �; 0; 0)T

~r = ~p+ ~q= 2m (1; 0; 0; 0)T

system rest mass be-
fore and after: 2m
rest masses in many
different frames:
m + m 6= 2m if  6= 1p

�k ~pk2 +
p

�k ~qk2 6=p
�k ~rk2

system mass is invari-
ant, but can be di-
vided into p0 and pi ; i 2
f 1; 2; 3g components in
many different ways
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m

total energy E := p0
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m

total energy E := p0

rest frame: E := p0 = t component of m(1; 0; 0; 0)T

E = m (the famous equation)
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m

total energy E := p0

rest frame: E := p0 = t component of m(1; 0; 0; 0)T

E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m

total energy E := p0

rest frame: E := p0 = t component of m(1; 0; 0; 0)T

E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)

more interesting: non-rest frame:
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m

total energy E := p0

rest frame: E := p0 = t component of m(1; 0; 0; 0)T

E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)

more interesting: non-rest frame:

� m2 = k~pk2
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m

total energy E := p0

rest frame: E := p0 = t component of m(1; 0; 0; 0)T

E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)

more interesting: non-rest frame:

� m2 = k~pk2

� m2 = k(E; px ; py; pz)T k2
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m

total energy E := p0

rest frame: E := p0 = t component of m(1; 0; 0; 0)T

E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)

more interesting: non-rest frame:

� m2 = k~pk2

� m2 = k(E; px ; py; pz)T k2

� m2 = � E2 + p2
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m

total energy E := p0

rest frame: E := p0 = t component of m(1; 0; 0; 0)T

E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)

more interesting: non-rest frame:

� m2 = k~pk2

� m2 = k(E; px ; py; pz)T k2

m2 = E2 � p2
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SR: ~p : : :: invariant or not?
interaction: momenta: ~p+ ~q! ~r

moduli: m, m, 2m

total energy E := p0

rest frame: E := p0 = t component of m(1; 0; 0; 0)T

E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)

more interesting: non-rest frame:

� m2 = k~pk2

� m2 = k(E; px ; py; pz)T k2

m2 = E2 � k (3)~pk2
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SR: null 4-momentum

photon: m = 0
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SR: null 4-momentum

photon: m = 0

extend defn of 4-momentum to ~p for a photon
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SR: null 4-momentum

photon: m = 0

extend defn of 4-momentum to ~p for a photon

6) ~u = ~p
m since m = 0 ; no 4-velocity
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SR: null 4-momentum

photon: m = 0

extend defn of 4-momentum to ~p for a photon

6) ~u = ~p
m since m = 0 ; no 4-velocity

so 0 = E2 � p2
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SR: null 4-momentum

photon: m = 0

extend defn of 4-momentum to ~p for a photon

6) ~u = ~p
m since m = 0 ; no 4-velocity

so 0 = E2 � p2

i.e. ~p= ( E; E; 0; 0)T = ( p; p;0; 0)T (if x direction)

0 � M � � � � � cal � c � � � �  � t + � x � � z � xy � tc � Pen � � + � PB � tw � u � � p � � k p k � E=m � E=p � SR SR+� GR O – p.33



SR: null 4-momentum

photon: m = 0

extend defn of 4-momentum to ~p for a photon

6) ~u = ~p
m since m = 0 ; no 4-velocity

so 0 = E2 � p2

i.e. ~p= ( E; E; 0; 0)T = ( p; p;0; 0)T (if x direction)

so E = p for any massless particle
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SR: model summary

Minkowski spacetime: draw a correct diagram
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SR: model summary

Minkowski spacetime: draw a correct diagram

Lorentz transformation (boost) �( � ) or �( � )
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SR: model summary

Minkowski spacetime: draw a correct diagram

Lorentz transformation (boost) �( � ) or �( � )

refuse the assumption of absolute simultaneity (time)
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