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SR+GR: construct spacetime from set theory

start with X = set of points, no distances between
points, angles, etc. de ned
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start with X = set of points, no distances between
points, angles, etc. de ned

no absolute simultaneity = “time is not absolute”
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start with X = set of points, no distances between
points, angles, etc. de ned

no absolute simultaneity = “time is not absolute”
add properties to X that satisfy theorems
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start with X = set of points, no distances between
points, angles, etc. de ned

no absolute simultaneity = “time is not absolute”
add properties to X that satisfy theorems
| differentiable 4-(pseudo-)manifold

=

OM OJ@o[ O] K o gy Pen [+] BB W U 1p | kKpk] EEdl EEg BR SR+ GR

_p._‘]_


http://en.wikipedia.org/wiki/World line
http://en.wikipedia.org/wiki/Minkowski space
http://en.wikipedia.org/wiki/Einstein field equations

SR+GR

SR+GR: construct spacetime from set theory

start with X = set of points, no distances between
points, angles, etc. de ned

no absolute simultaneity = “time is not absolute”
add properties to X that satisfy theorems

| differentiable 4-(pseudo-)manifold

point particle in space! w:World line in spacetime
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SR+GR: construct spacetime from set theory

start with X = set of points, no distances between
points, angles, etc. de ned

no absolute simultaneity = “time is not absolute”
add properties to X that satisfy theorems

| differentiable 4-(pseudo-)manifold

point particle in space! w:World line in spacetime

point in spacetime ! spacetime “event”
SR: spacetime = w:Minkowski space
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SR+GR: construct spacetime from set theory

start with X = set of points, no distances between
points, angles, etc. de ned

no absolute simultaneity = “time is not absolute”
add properties to X that satisfy theorems

| differentiable 4-(pseudo-)manifold

point particle in space! w:World line in spacetime

point in spacetime ! spacetime “event”
SR: spacetime = w:Minkowski space

GR: spacetime = a solution of the
w:Einstein eld equations
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SR: Minkowski spacetime

O

(0,0)

p at (x;y), distance from observer at O is d

0 M cal C
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SR: Minkowski spacetime L

Pxe _
0
COsS  sin Px
sin cos Py

p at (x®y9, distance from observer at O is d = unchanged
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SR: Minkowski spacetime

t
'p
| (X,1)
|
O/
|
|
O I
X
(0,0) !

p at (x;t), w:invariant interval from observerat Ois s
where ( s)?= ( t)?+( x)?
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SR: Minkowski spacetime

" !
pto
cosh sinh
sinh cosh

0,0)

p at (x®19, invariant interval from observerat O is s =
( 2= ( t92+( x92=unchanged
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SR: Lorentz transformation L

cosh = £
!
. ‘' sinh = &2
h h K .
()= c0S >IN w:hyperbolic function

sinh cosh
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SR: Lorentz transformation

cosh = £
!
. " sinh = &
h K .
()= LS sin w:hyperbolic function

sinh cosh

Pxo Px
Pt
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SR: Lorentz transformation L

cosh = £
|
. ' sinh = £
( ):= cosh sin w:hyperbolic function

sinh cosh
Px

units:  only makes sense if same units for x, t, x° t°
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SR: Lorentz transformation

cosh = £
|
. ' sinh = £
( ):= cosh sin w:hyperbolic function

sinh cosh
Px

units:  only makes sense if same units for x, t, x° t°

De nition: 1 m := (1/ 2299792458 10°)s 10 s 3ns
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units:  only makes sense if same units for x, t, x° t°
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SR: Lorentz transformation L

cosh = £
|
. ' sinh = £
( ):= cosh sin w:hyperbolic function

sinh cosh
Px

units:  only makes sense if same units for x, t, x° t°

De nition: 1 m := (1/ 2299792458 10°)s 10 s 3ns

speed of light in a vacuum =c = 219979241153 10° m

L_ 2:99792458 10° (1=2:99792458 10°) s
- 1s
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SR: Lorentz transformation

cosh = £
!
. " sinh = &
h h K .
()= LS >IN w:hyperbolic function

sinh cosh

Pxo _ Px

units:  only makes sense if same units for x, t, x° t°

De nition: 1 m := (1/ 2299792458 10°)s 10 s 3ns

speed of light in a vacuum =c = 219979241153 10° m

— 1s
L__s
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SR: Lorentz transformation

cosh = £
|
. ' sinh = £
( ):= cosh sin w:hyperbolic function

sinh cosh

Pxo _ Px

units:  only makes sense if same units for x, t, x° t°

De nition: 1 m := (1/ 2299792458 10°)s 10 s 3ns

speed of light in a vacuum =c = 219979241153 10° m

— 1s _ ' '
L 1= = 1 (dimensionless)
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SR: rapidity vs velocity

Whatis ?
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SR: rapidity vs velocity
Whatis ?

observer A has worldline (x;t) = (0 ;1)
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SR: rapidity vs velocity
Whatis ?

observer B has worldline (x®t9 = (0;t9
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SR: rapidity  vs velocity L
Whatis ?
observer B has worldline (x®t9 = (0;t9

In A's coordinate system, B's worldline is:
! !
0 X
t0 t
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SR: rapidity vs velocity
Whatis ?
observer B has worldline (x®t9 = (0;t9

In A's coordinate system, B's worldline is:
! ! !
X . 0 tYsinh
t t0 t%cosh

~—r
[
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SR: rapidity vs velocity
Whatis ?
observer B has worldline (x®t9 = (0;t9

In A's coordinate system, B's worldline is:
! ! !
X . 0 tYsinh
t t0 t%cosh

~—r
[
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SR: rapidity  vs velocity L
Whatis ?
observer B has worldline (x®t9 = (0;t9

In A's coordinate system, B's worldline is:
! ! !

y X o1 0 _ t%inn
t t0 t%cosh

— $0c; — 0 sinh

) X = t"sinh = t“cosh ~osh
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SR: rapidity vs velocity
Whatis ?
observer B has worldline (x®t9 = (0;t9

In A's coordinate system, B's worldline is:
! ! !
X . 0 tYsinh
t t0 t%cosh

~—r
[

) x = t%inh = t%osh tanh
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SR: rapidity vs velocity
Whatis ?
observer B has worldline (x®t9 = (0;t9

In A's coordinate system, B's worldline is:
! ! !
X . 0 tYsinh
t t0 t%cosh

~—r
[

) x =1t%inh = ttanh
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SR: rapidity vs velocity
Whatis ?
observer B has worldline (x®t9 = (0;t9

In A's coordinate system, B's worldline is:
! ! !
y X o1 0 tYsinh
t t0 t%cosh

) x=1t%inh =ttanh = t

where velocity := v=c v = tanh

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR
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SR: calibration

Where does (x%t9 = (0;1) lie for observer A?
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SR: calibration L

Where does (x%t9 = (0;1) lie for observer A?
Where does (x%t9 = (1;0) lie for observer A?
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SR: calibration L

Where does (x%t9 = (0;1) lie for observer A?
Where does (x%t9 = (1;0) lie for observer A?

~ constant distance
X d=1 from (0;0)
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SR: calibration
Where does (x%t9 = (0;1) lie for observer A?
Where does (x%t9 = (1;0) lie for observer A?

t t constant interval
( s)?= 1from (0;0)
1 0
1
!
sinh
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SR: calibration L

Where does (x%t9 = (0;1) lie for observer A?
Where does (x%t9 = (1;0) lie for observer A?

constant interval
( s)?=+1 from (0;0) ,

;1 cosh

0 sinh
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SR: calibration
Where does (x%t9 = (0;1) lie for observer A?
Where does (x%t9 = (1;0) lie for observer A?

Can high push the taxis close to the x axis?
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SR: calibration
Where does (x%t9 = (0;1) lie for observer A?
Where does (x%t9 = (1;0) lie for observer A?

Can high push the taxis close to the x axis?
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SR: calibration

Where does (x%t9 = (0;1) lie for observer A?
Where does (x%t9 = (1;0) lie for observer A?
Can high push the taxis close to the x axis?

b =tanh f

+ PB tw U p k pk E=m E=p SR SR+ GR
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SR: effect of onx = t (photons) L

What happens to a photon under Lorentz transformation?
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SR: effect of onx = t (photons) L

What happens to a photon under Lorentz transformation?

Observer A: photon spacetime path is the set of
spacetime events f(t;t)jt; <t <t ogfor some t;t>
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SR: effect of onx = t (photons) L

What happens to a photon under Lorentz transformation?
Observer A: photon spacetime path is the set of
spaceltime events f(t;t)jt <t <I t 20 f(?r some tq1:to

x0 cosh sinh t

t0 sinh cosh t
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SR: effect of onx = t (photons) L

What happens to a photon under Lorentz transformation?
Observer A: photon spacetime path is the set of
spaceltime events f(t;t)jt <t < t 20 f(?r some tq;t>
0
{0

cosh sinh t
sinh c?sh t

(cosh  sinh )t
( sinh +cosh )t
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SR: effect of onx = t (photons) L

What happens to a photon under Lorentz transformation?
Observer A: photon spacetime path is the set of
spaceltime events f(t;t)jt <t <I t 20 f(?r some tq1:to

x0 cosh sinh t

t0 sinh c?sh t

(cosh  sinh )t
( sinh +cosh )t

) pathis x°=(cosh  sinh )t = t%i.e. the set of

spacetime events
f(t%tYj(cosh  sinh )t; <t%< (cosh  sinh )tag
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SR: effect of onx = t (photons) L

What happens to a photon under Lorentz transformation?
Observer A: photon spacetime path is the set of
spaceltime events f(t;t)jt <t <I t 20 f(?r some tq1:to

x0 cosh sinh t

t0 sinh c?sh t

(cosh  sinh )t
( sinh +cosh )t

) pathis x°=(cosh  sinh )t = t%i.e. the set of
spacetime events
f(t%19j(cosh  sinh )t; <t%< (cosh  sinh )tyg

photon speed same in both reference frames
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SR: effect of onx = t (photons) L

What happens to a photon under Lorentz transformation?
Observer A: photon spacetime path is the set of
spaceltime events f(t;t)jt <t <I t 20 f(?r some tq1:to

x0 cosh sinh t

t0 sinh c?sh t

(cosh  sinh )t
( sinh +cosh )t

) pathis x°=(cosh  sinh )t = t%i.e. the set of
spacetime events
f(t%19j(cosh  sinh )t; <t%< (cosh  sinh )tyg

photon speed same in both reference frames
L w:Michelson-Morley experiment (1887)
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SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out
rocket at o = 0:5; rocket's speed 3 in Sun frame =7
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SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out
rocket at o = 0:5; rocket's speed 3 in Sun frame =7

t0

t

{00
x00 O 1

0

@ " A —
tO

0 10 1

@coshl smhlA@xA
sinh 4 cosh ; t

where tanh 1= 1=0:1
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SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out
rocket at o = 0:5; rocket's speed 3 in Sun frame =7

t0

t

{00
x00 O 1
00
@’ A _
tOO
0 10 1
- 0
@cosh2 smth@xA
sinh o cosh » t0

where tanh 2= 52 =0:5
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SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out
rocket at o = 0:5; rocket's speed 3 in Sun frame =7

<00 0 1
%00
@ A —
tOO
0 10 1
- 0
@cosh2 smth@xA
sinh o cosh » t0

where tanh 2= 52 =0:5
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SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out

rocket at o = 0:5; rocket's speed 3 in Sun frame =7
t {0

{00 = ( 2)( 1)
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SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out
rocket at o = 0:5; rocket's speed 3 in Sun frame =7

{00 = ( 2)( 1)
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SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out
rocket at o = 0:5; rocket's speed 3 in Sun frame =7

{00 = ( 2)( 1)

but ( 2)( 1)=( 1+ 2)
cf. rotation ; “plus” rotation » =rotation 1+ >
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SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out
rocket at o = 0:5; rocket's speed 3 in Sun frame =7

{00 = ( 2)( 1)

but ( 2)( 1)=( 1+ 2

SO z3=tanh( 1+ »)
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SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out
rocket at o = 0:5; rocket's speed 3 in Sun frame =7

{00 = ( 2)( 1)

but ( 2)( 1)=( 1+ 2

) _  tanh {+tanh >
2) ~ 1+tanh itanh -

SO 3=tanh( 1+

=

0 M cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p7



SR: adding velocities L

Interstellar ark travels at 1 = 0:1 from Sun, sends out

rocket at o = 0:5; rocket's speed 3 in Sun frame =7
t {0

{00 = ( 2)( 1)

but ( 2)( 1)=( 1+ 2

so z=tanh( 1+ 2) = 1j+122
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SR: adding velocities

Interstellar ark travels at 1 = 0:1 from Sun, sends out

rocket at o = 0:5; rocket's speed 3 in Sun frame =7
t {0

X X
{00 = ( 2)( 1) i

but ( 2)( 1)=( 1+ 2

SO z3=tanh( 1+ 2) = % = o1 o5 057

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR
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SR: Lorentz factor

. alternative to hyperbolic trig functions
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SR: Lorentz factor

. alternative to hyperbolic trig functions

cosh = &5
l
. ' sinh = £
()= cosh sin w:hyperbolic function

sinh cosh

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR
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SR: Lorentz factor

. alternative to hyperbolic trig functions

= tanh
= (1 2) 1=2 —
| Lorentz factor
' = cosh
()= = sinh
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SR: worldline time dilation L
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SR: worldline time dilation
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SR: worldline time dilation L

cosh
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SR;

cal C

worldline time dilation

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR
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SR: worldline time dilation

. , worldline “time dilation"

cosh




SR: worldline time dilation L

. , worldline “time dilation"

muons: mean lifetime
2197 ns 15km
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SR: worldline time dilation L

", , worldline “time dilation"

muons: mean lifetime
2197 ns 15km

X
71(0,0)

sinh
time dilation ) muons
Lc:osh p%> 1  can hit the ground

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR -p.9



SR: worldsheet space contraction !
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SR: worldsheet space contraction !
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SR: worldsheet space contraction !

-(0,0) cosh

P

s?(q; p) = cosh sinh

0 M cal C
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SR: worldsheet space contraction !
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SR: worldsheet space contraction !




SR: worldsheet space contraction !




SR: worldsheet space contraction !




SR: worldsheet space contraction !




SR: worldsheet space contraction !

-(0,0) cosh

P

s2(g;p)= 1< 1 worldsheet “space contraction"

t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR —p.10



SR: worldsheet space contraction !
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SR: worldsheet space contraction !

1 1 cosh sinh
sinh cosh

t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR O -pi1



SR: worldsheet space contraction !

.1 cosh (1 9
cosh (tanh tanh )



SR: worldsheet space contraction !




SR: worldsheet space contraction !




SR: worldsheet space contraction !




SR: worldsheet space contraction !

s2(g;p)= 1< 1 worldsheet “space contraction"

t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR —p.11



SR: Doppler shift L
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SR: Doppler shift

(co ~~e
7 *sin )30 x?
see photon spacetime path calculation

0 M cal C

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: Doppler shift L

(co ~~e
7 *sin )30 x?
see photon spacetime path calculation
x%= (cosh +sinh )t
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SR: Doppler shift L

(co ~~e
7 *sin )30 x?
see photon spacetime path calculation
x%= (cosh +sinh )x

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p12



SR: Doppler shift L

(co ~~e
7 *sin )30 x?
see photon spacetime path calculation
x%x = cosh + sinh

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p12



SR: Doppler shift

(co ~~e
7 *sin )30 x?
see photon spacetime path calculation
xEx=  +

0 M cal C

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: Doppler shift

(co ~~e
7 *sin )30 x?
see photon spacetime path calculation
xEx= 1+ )

M cal C

t+ X Z Xy tc Pen + PB tw U p k pk E=m

E=p R



SR: Doppler shift L

(co ~~e
7 *sin )30 x?
see photon spacetime path calculation

0y — I
X=x= (1+ )—pﬁ

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p12



SR: Doppler shift

0t

see photon spacetime path calculation
Xex= (1+ )= p——2L
1 H@a+ )

+ PB tw U p k pk E=m E=p SR SR+ GR

t+ X Z Xy tc Pen

O -p12



SR: Doppler shift L

( Cosh

+Sinh ;6:(;';;
see photon spaceame path calculation
Oy = (]_ + ) — iL

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p12



SR: Doppler shift L

see photon spacetime pat%I calculation

1+z:= & = @1+ ) Sl redshift

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p12



SR: Doppler shift L

see photon spacetime pat%I calculation

1+z:= & = @1+ ) Sl redshift

cal C t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR -p.12



SR: relativistic aberration L

y (X;y) plane
RN
_________ \QO_\'?E'
R
= T
wn
7z 1 X
(0,0,0) cos
( ____________

(x%y9 frame
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SR: relativistic aberration

y (X;y) plane
S
| I \QO_\'?E'
B
= |
7p) I
/// : X
(0,0,0) cos
( ____________

(x%y9 frame

event B: (x;y;t) = (cos ; sin

t+ X Z Xy tc Pen + PB tw U

;1)

p k pk E=m E=p SR SR+ GR

O -p13



SR: relativistic aberration

event B: (x;y;t) =(cos ; sin ; 1)
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SR: relativistic aberration

event B: (x;y;t) =(cos ; sin ; 1)
0 1

coS
1 Egb sin X
1

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: relativistic aberration

event B: (x;y;t) =(cos ; sin ; 1)
0 1 O 1 0 1

1%?”5&:%0 (i oﬁ%p(s:?
1

S
n K
0 1

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: relativistic aberration

event B: (x;y;t) =(cos ; sin ; 1)

0 1 0 1
COS CoSs +
1 Eap sin K = Eb sin g
1 cos +

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: relativistic aberration

event B: (x;y;t) =(cos ; sin ; 1)
0 1 O 1
(cos + )

1?@sm£ ® X

(1+ cos)

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: relativistic aberration

event B: (x;y;t) =(cos ; sin ; 1)

y0 (x%y9 plane
N
Ao Vc\o_\f:?:'
c ?’/ 'B
£ T
P 0=" E x0
cal C t Xy tc P

+ PB

tw u

p k pk E=m E=p SR SR+ GR

O -p13



SR: relativistic aberration L

event B: (x;y;t) =(cos ; sin ; 1)

y (x;y) plane
N
| I vc\o}?i'
S B
= |
70 |
7 : X
(0,0,0) cos
( ____________

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p13



SR: relativistic aberration L

event B: (x;y;t) =(cos ; sin ; 1)
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SR: relativistic aberration L

event B: (x;y;t) =(cos ; sin ; 1)

y (X;y) plane

o
\(_\0_‘?3'
B

’ 1

sin

(xC%y9 frame

0— sin
tan “= (+cos )

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p13



SR: relativistic aberration L

event B: (x;y;t) =(cos ; sin ; 1)

y (X;y) plane
O
i \(_\0_\:‘?3'
B
= |
? I
. .
(0,0,0) cos
( ____________
x%y9 frame
tan °= S0y < tan if0< < 1

w:Relativistic aberration
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SR: relativistic aberration

event B: (x;y;t) =(cos ; sin ; 1)

y (X;y) plane
S
_________ \(_\O_\If?i'
B
£ oo
7))
’, 1 X
(0,0,0) cos
( ____________
(xC%y9 frame
0— sin :
tan “= sy < tan 110< < 1

w:Relativistic aberration

) relativistic beaming, e.g. AGN jets

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR
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SR: world line L

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O-pi14



SR: world line

lightlike interval = null interval: ( s)°=0
spacetime =

0 M cal C

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: world line L

lightlike interval = null interval: ( s)°=0
spacetime = on past w:light cone + inside past light cone

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O-pi14



SR: world line L

lightlike interval = null interval: ( s)°=0
spacetime = on past w:light cone + inside past light cone

+ on future light cone + inside future light cone

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O-pi14



SR: world line L

lightlike interval = null interval: ( s)°=0
spacetime = on past w:light cone + inside past light cone

+ on future light cone + inside future light cone
L + elsewhere

0 M cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR —p.14



SR: world line

L orentz transform of world line
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SR: world line

L orentz transform of world line
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SR: world line L

L orentz transform of world line

coordinate time in spacetime model 6 time in your
brain (thinking)

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -pi15



SR: world line L

L orentz transform of world line

coordinate time in spacetime model 6 time in your
brain (thinking)

dt
Ot thinking

can be positive or negative

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -pi15



SR: world line L

L orentz transform of world line

coordinate time in spacetime model 6 time in your
brain (thinking)

g—t can be positive or negative, arbitrary real

parameter

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -pi15



SR: world line L

L orentz transform of world line

coordinate time in spacetime model 6 time in your
brain (thinking)

g—t can be positive or negative, arbitrary real
parameter

“elsewhere" spacetime events can change from past to
future even though $ > 0

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -pi15



SR: world line

L orentz transform of world line

coordinate time in spacetime model 6 time in your
brain (thinking)

g—t can be positive or negative, arbitrary real
parameter

“elsewhere" spacetime events can change from past to
future even though $ > 0

w:proper time := time along a worldline measured by
clock following that worldline

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

O -p.15



SR: world line

L orentz transform of world line

coordinate time in spacetime model 6 time in your
brain (thinking)

g—t can be positive or negative, arbitrary real

parameter

“elsewhere" spacetime events can change from past to
future even though $ > 0

w:proper time := time along a worldline measured by
clock following that worldline

often d Is useful for integrating

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

-p.15



SR: Rietdijk—Putnam—Penrose p. L
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SR: Rietdijk—Putnam—Penrose p. L

b:Inertialoverlay.GIF
each observer can synchronise clocks + rods

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -pi6



SR: Rietdijk—Putnam—Penrose p. L

w:Rietdijk-Putnam argument b:Rel2.gif

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -pi6



SR: Rietdijk—Putnam—Penrose p. L

w:Rietdijk-Putnam argument b:Rel3.gif

0 M cal C

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: tachyons and causality

t

o]
-10,0)

observer “at rest"

0 M cal C
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SR: tachyons and causality

t

add a tachyon with speed > 1

0 M cal C

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: tachyons and causality

t

add a tachyon with speed > 1
choose rocket at speed with1l= < < 1

M cal C

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: tachyons and causality L

add a tachyon with speed > 1
choose rocket at speed with1l= < < 1

add axes x° t%for the rocket

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p17



SR: tachyons and causality

add a tachyon with speed > 1
choose rocket at speed with1l= < < 1

add axes x% t%for the rocket
rocket frame: (t;t ) becomes ( tt)'

=

0 M cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

O -p17



SR: tachygns and causality

x0 t

t0 t

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: tachyons and causality
X0 t tot

t0 t t + t

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: tachygns and caysality

xV t
t0 t +1

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: tachygns and caysality

t
t0 t +1

O= t( ) > 0since > 1>
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SR: tachyons and causality
" - |
tO v +1

x0= t( ) > 0since > 1>
t0= t( +1) < 0since we chose > 1=

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: tachygns and caysality L

xV t

t0 t +1
x0= t( ) > 0since > 1>
t0= t( +1) < 0since we chose > 1=
dt%=dt < 0

same seguence of spacetime events = tachyon
spacetime path:

t Increases for observer “at rest",
tYdecreases for rocket observer (with > 1=)

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p17



SR: tachygns and caysality

xV t

t0 t +1
x0= t( ) > 0since > 1>
t0= t( +1) < 0since we chose > 1=
dt%=dt < 0

same seguence of spacetime events = tachyon
spacetime path:

t increases for observer “at rest",

t®decreases for rocket observer (with > 1= )
observer at rest: tachyon emitted at origin
rocket: tachyon absorbed at origin

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

-p.17



SR: tachyonic antitelephone L
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SR: tachyonic antitelephone L

B stationary: (X;1)
frame

0 M cal C
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SR: tachyonic antitelephone L

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame
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SR: tachyonic antitelephone L

A:tachyonat > 1toB

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p18



SR: tachyonic antitelephone L

B:tachyonat > 1toC

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p18



SR: tachyonic antitelephone L

c- Lo tc
t2 te

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p18



SR: tachyonic antitelephone L

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame

tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p18



SR: tachyonic antitelephone L

t2 = tc(l )

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame
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SR: tachyonic antitelephone L

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame
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SR: tachyonic antitelephone L

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame
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SR: tachyonic antitelephone L

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame
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SR: tachyonic antitelephone L

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame
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SR: tachyonic antitelephone L

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame

O -p.18

p k pk E=m E=p SR SR+ GR

cal C t+ X Z Xy tc Pen + PB tw U



SR: tachyonic antitelephone L

B stationary: (X;1)
frame

A moving at speed
(x% 19 frame

O -p.18

p k pk E=m E=p SR SR+ GR

cal C t+ X Z Xy tc Pen + PB tw U



SR: tachyonic antitelephone

B stationary:

frame

(X;t)

A moving at speed
(x°t9 frame

cal C t+

X

((°+1)
C )

0 0 — 2
lc tA—L

<0if > %+
A recelves tachyonic re-
sponse at C before sending

It

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

1

O -p.18



SR: tachyonic antitelephone

B stationary:

frame

(X;t)

A moving at speed
(x°t9 frame

cal C t+

X

0 — 1

tQ= L1 —

(2+1)
)

0 0 — 2
lc tA—L

' 2
<O|f > 271

A recelves tachyonic re-
sponse at C before sending
it

w:tachyonic antitelephone

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

1

-p.18



SR: pole-barn/ladder paradox L
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SR: pole-barn/ladder paradox L

ladder of length 299 ns, garage length 30 ns

0 M cal C

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p19



SR: pole-barn/ladder paradox L

ladder of length 299 ns, garage length 30 ns
Instantaneously close front + back doors

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p19



SR: pole-barn/ladder paradox L

ladder of length 299 ns, garage length 30 ns
Instantaneously close front + back doors
299 ns= < 30ns) OK

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p19



SR: pole-barn/ladder paradox

ladder of length 299 ns, garage length 30 ns
Instantaneously close front + back doors
ladder frame: garage 3= nslong 299 ns!!

Is this possible or not? Make a spacetime diagram.

0 M cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

O -p.19



SR: pole-barn/ladder paradox L

————————————/—
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SR: pole-barn/ladder paradox L

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p19



SR: pole-barn/ladder paradox L

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p19



SR: pole-barn/ladder paradox L

w:Ladder paradox

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: twins paradox

t0 |
/
oL
_ =/
Bif — — =f~ — — -
E ; B3
> | /
< !
5 - /
S ! x0
Aq .
Vi X
(G; 0) , A2=(L;0)

simply connected Minkowski

cal C t+ X Z Xy tc Pen + PB tw U p

k pk E=m E=p SR SR+ GR
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SR: twins paradox L

holonomyg

. - - >
identify spacetime events
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SR: twins paradox L

0 M cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p.20



SR: twins paradox
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SR: twins paradox

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: twins paradox L

t

space-limited:
" FD

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p2



SR: twins paradox

7"
\
N \\\\X {0

WG\ oap)
Co g(p)\ E> 9(9(!3&)

= 0

Roukema & Bajtlik 2008, MNRAS, 390, 655
arXiv:astro-ph/0612155

helps understand w:Ehrenfest paradox
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SR: four-velocity, four-momentum *

choose x axis so that 3-velocity uggjiean = ( ; 0;0)" for
observer with (t;x;y;z)" coord system

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p21



SR: four-velocity, four-momentum *

choose x axis so that 3-velocity uggjiean = ( ; 0;0)" for
observer with (t; x;y; z) coord system

/7
N\
4 \
4 \
7 \N
7 N\
7 N\
y R
-(0,0) <,

In (t;x) spacetime
2-plane, extend from
ILscalar speed to
spacetime vector =

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p21
+tAan~nAant +Aa winrlAdAlna A



SR: four-velocity, four-momentum *

choose x axis so that 3-velocity uggjiean = ( ; 0;0)" for
observer with (t; x;y; z) coord system

(uhu) = ()i gx())
w:four-velocity

In (t;x) spacetime
2-plane, extend from
scalar speed to
pacetime vector =

0 M taﬁldent td+v\70r1d<nncepen + PB tw U p kpk E=m Ezp SR SR+ GR O -p.21



SR: four-velocity, four-momentum *

choose x axis so that 3-velocity uggjiean = ( ; 0;0)" for
observer with (t; x;y; z) coord system

(uhu) = ()i gx())
w:four-velocity

similarly (ut’: u¥)

(&9 ); £xY )

N
4 N
’ \
7’ AN
4 AN
(4 N
AN
‘O N

/ N
-(0,0) \%
)

2
Z
®

L In (t;x) spacetime
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SR: four-velocity, four-momentum *

choose x axis so that 3-velocity uggjiean = ( ; 0;0)" for
observer with (t; x;y; z) coord system

uhu) = (R ) Ex())

w:four-velocity

similarly (ut’: u¥)

(§t90 ) x4 ) =(1;0)

In (t;x) spacetime
2-plane, extend from
scalar speed to

spacetime vector =

ngent to worldline

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

O-p21



SR: four-velocity, four-momentum *

choose x axis so that 3-velocity uggjiean = ( ; 0;0)" for
observer with (t; x;y; z) coord system

(uhu) = ()i gx())
w:four-velocity

similarly (ut’: uX)
(Ft ) x4 N =(1:0)
want + Lorentz Invariant )
(uhsu)t = K0!

In (t;x) spacetime
IL2-plane, extend from
0 M SC(Q'IQ'r Sp+e@dz Xy tctF(e)n + PB tw U p k pk E=m E=p SR SR+ GR

.
PRy Ty [y —

O-p21



SR: four-velocity, four-momentum *

choose x axis so that 3-velocity uggjiean = ( ; 0;0)" for
observer with (t; x;y; z) coord system

In (t;x) spacetime
2-plane, extend from
scalar speed to

spacetime vector =

ngent to worldline

t+ X Z Xy tc Pen

uhu) = (R ) Ex())

w:four-velocity

similarly (ut’: uX)
(Ft ) £x4 N =(@1;0)
want d Lorentz Invariant
) (uhu)T = Y107 =
1 )7

+ PB tw U p k pk E=m E=p SR SR+ GR

O-p21



SR: four-velocity, four-momentum *

choose x axis so that 3-velocity uggjiean = ( ; 0;0)" for
observer with (t; x;y; z) coord system

In (t;x) spacetime
2-plane, extend from
scalar speed to

spacetime vector =

ngent to worldline

t+ X Z Xy tc Pen

uhu) = (R ) Ex())

w:four-velocity

similarly (ut’: uX)
(Ft ) £x4 N =(@1;0)
want d Lorentz Invariant
I C T L ¢ 0 LI
1 )"

4D: 4= (1; *; ¥; T
notation in this pdf:

4 = 4-vector, @y = gpatial
component

+ PB tw U p k pk E=m E=p SR SR+ GR

-p.21



SR: four-velocity, four-momentum *

s the ®)-component (spatial component) of 4 the same
as the non-relativistic velocity?
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SR: four-velocity, four-momentum *

s the ®)-component (spatial component) of 4 the same
as the non-relativistic velocity?

Bu= L(xy;2)7
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SR: four-velocity, four-momentum *

s the ®)-component (spatial component) of 4 the same
as the non-relativistic velocity?

Bu= L(xy;2)7

= d(xy;2)7

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p22



SR: four-velocity, four-momentum *

s the ®)-component (spatial component) of 4 the same
as the non-relativistic velocity?

Bu= L(xy;2)7
= dxy;2)T

6 S(xy;2)T exceptif =0, =1

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR -p.22



SR: four-velocity, four-momentum *

momentum: p:= mu=m (1; X; Y; ?)T, wherem =
constant w:invariant mass

X ...=tensor-style component notation, not powers

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p23



SR: four-velocity, four-momentum *

momentum: p:= mu=m (1; X; Y; ?)T, wherem =
constant w:invariant mass

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p23



SR: four-velocity, four-momentum *

momentum: p:= mu=m (1; X; Y; ?)T, wherem =
constant w:invariant mass
What does the time component of momentum = p® = m
mean physically?

rst look at spatial component in a given ref. frame

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p23



SR: four-velocity, four-momentum *

momentum: p:= mu=m (1; X; Y; ?)T, wherem =
constant w:invariant mass

Bp=mf(xy;z)7

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p23



SR: four-velocity, four-momentum *

momentum: p:= mu=m (1; X; Y; ?)T, wherem =
constant w:invariant mass

Bp=mf(xy;z)7

=m $(xy;2)T

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p23



SR: four-velocity, four-momentum *

momentum: p:= mu=m (1; X; Y; ?)T, wherem =
constant w:invariant mass

Bp=mf(xy;z)7
=m $(xy;2)T

6 mE(x;y;z)" exceptif =0, =1

cal C t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR -p.23



SR: four-velocity, four-momentum *

let us de ne 4-acceleration, 4-force

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p24



SR: four-velocity, four-momentum *

(Ut uX) = () Ex( )

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p24



SR: four-velocity, four-momentum *

.— d
a.= g U

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p24



SR: four-velocity, four-momentum *

.— d
a.= g U

(3)g = (;d_zz(s)x

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p24



SR: four-velocity, four-momentum *

.— d
a.= g U

®a= L (xy;2)7

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p24



SR: four-velocity, four-momentum *

.— d
a.= g U

W= mPa defn w:four-force

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p24



SR: four-velocity, four-momentum *

.— d
a.= g U

W= mPa defn w:four-force

— d
- Mgt

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p24



SR: four-velocity, four-momentum *

a= Ly
W= mPa defn w:four-force

= dp

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: invariance of Wu: Ma: Wf L

P
Euclidean norm: kxk? = (x )?

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p25



SR: invariance of Wu: Ma: Wf L

P
Minkowski pseudo-norm: kxk? =" X X

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p25



SR: invariance of Wu: Ma: Wf L

Minkowski pseudo-norm: kxk? = x X
w:Einstein summation sum is implicit

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p2



SR: invariance of Wu: Ma: Wf L

Minkowski pseudo-norm: kxk? = x%%+ j x'x/

j =11fi =], otherwise =0;i;j 2 1,2;3

invariance: kxk? = same in all reference frames

sign convention: ( ;+;+;+) or(+; ; ; ) are common

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p25



SR: invariance of Wu: Ma: Wf L

Minkowski pseudo-norm: kxk? = x%%+ j x'x/

j =11fi =], otherwise =0;i;j 2 1,2;3

invariance: kxk? = same in all reference frames

sign convention: ( ;+;+;+) or(+; ; ; ) are common

non-rest frame: kuk?= 2+ 2 2

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p25



SR: invariance of Wu: Ma: Wf L

Minkowski pseudo-norm: kxk? = x%%+ j x'x/

j =11fi =], otherwise =0;i;j 2 1,2;3

invariance: kxk? = same in all reference frames

sign convention: ( ;+;+;+) or(+; ; ; ) are common

non-rest frame: kuké= 2+ 2 2= 1

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p25



SR: invariance of Wu: Ma: Wf L

Minkowski pseudo-norm: kxk? = x%%+ j x'x/

j =11fi =], otherwise =0;i;j 2 1,2;3

invariance: kxk? = same in all reference frames

sign convention: ( ;+;+;+) or(+; ; ; ) are common
non-rest frame: ktk?= 2+ 2 2= 1

rest frame: ktk? = 12+02= 1invariant

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p25



SR: invariance of Wu: Ma: Wf L

Minkowski pseudo-norm: kxk? = x%%+ j x'x/

j =11fi =], otherwise =0;i;j 2 1,2;3

invariance: kxk? = same in all reference frames

sign convention: ( ;+;+;+) or(+; ; ; ) are common
non-rest frame: ktk?= 2+ 2 2= 1

rest frame: kuk? = 12+0%= 1linvariant

similarly: kek?, kfk? invariant

cal C t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR —p.25



SR: energy: varies with ref frame L

Newtonian K = (1=2)m 2 =0 in rest frame

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p26



SR: energy: varies with ref frame L

Newtonian K = (1=2)m 2 =0 in rest frame

4-force f~Is Invariant, but
3-force usually de ned to be frame-dependent:

3-force = $®p & L0Gp

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p26



SR: energy: varies with ref frame L

Newtonian K = (1=2)m 2 =0 in rest frame

4-force f~Is Invariant, but
3-force usually de ned to be frame-dependent:

3-force = $®p & L0Gp

d@)g= O
ﬁ()ﬁ_ i

cal C t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR —p.26



SR: energy: varies with ref frame L

In (x;t) frame,
K = work done

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p27



SR: energy: varies with ref frame L

Z 2 (3)f~
In (x;t) frame, = — dx

K = work done 0

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p27



SR: energy: varies with ref frame L

Z 2 (3)f~
In (x;t) frame, = — dx
K = work done Z9,
= E (3),p d"X
o dt

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p27



SR: energy: varies with ref frame L
Z

2 (3)f~
In (x;t) frame, = — dx
K = work done VA 9
= —(m )dx
o dt

(assume G f= Kk x)

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p27



SR: energy: varies with ref frame L

Z 2 (3)f~
In (x;t) frame, = — dx
_ 0 7
K—workdo_n@ Zg(m e m Zd( )d_x
o, dt o, dt

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p27



SR: energy: varies with ref frame L

Z 2 (3)f~
In (x;t) frame, = — dx
K = work doné , 9 0 Z
= —(m )dx=m d( )
o dt 0

Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR O -p27



SR: energy: varies with ref frame L
Z

2 (3)f~
In (x;t) frame, = — dx
K = work doné , 9 0 Z
= —(m )dx=m d( )
o dt' 0
=m (d + d)
0

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p27



SR: energy: varies with ref frame L
Z

2(3)f~
In (x;t) frame, = — dx
K = work doné , 9 0 Z
= —(m )dx=m d( )
o dt' 0
=m (d + d)
Z -, O
= m (°+ 2d (d = °d
=1

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p27



SR: energy: varies with ref frame L
Z

2(3)f~
In (x;t) frame, = — dx
K = work doné , 9 0 Z
= —(m )dx=m d( )
o dt' 0
=m (d + d)
Z -, O
= m (°+ 2d (d = °d
=1 Z -,
=m [*+@ 9
=1

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p27



SR: energy: varies with ref frame L
Z

2(3)f~
In (x;t) frame, = — dx
K = work doné , 9 0 Z
= —(m )dx=m d( )
o dt' 2 0
=m (d + d)
Z -, O
=m (%+ 3d ( d = 3d
=1 Z =
=m d



SR: energy: varies with ref frame L

Z 2(3)f~

In (x;t) frame, = — dx

K = work doné , 9 0 Z
= —(m )dx=m d( )

o dt' 2 0

=m (d + d)
Z -, O
= m (°+ 2d (d= °d



SR: energy: varies with ref frame L
Z

2(3)f~
In (x;t) frame, = — dx
K = work doné > 4 0 Z
= —(m )dx=m d( )
o dt' 2 0
=m (d + d)
Z -, O
= m (°+ 2d (d= °d
=1 Z _
=m d =mo> m

0 M cal C



SR: energy: varies with ref frame L
Z

2(3)f~
In (x;t) frame, = — dx
K = work doné > 4 0 Z
= —(m )dx=m d( )
o dt' 2 0
=m (d + d)
Z -, O
= m (°+ 2d (d= °d
=1 Z _
=m d =mo> m



SR: energy: varies with ref frame L
Z

2(3)f~
In (x;t) frame, = — dx
K = work doné > d 0 Z
= —(m )dx=m d( )
o dt' 2 0
=m (d + d)
Z -, O
= m (°+ 2d (d = °d
=1 Z -,
=m d =mo> m

) K+m=m =p°
so p® = kinetic energy + rest mass

=

cal C t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR —p.27



SR: energy: varies with ref frame L

Does small limit agree with Newtonian K ?

Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p.28



SR: energy: varies with ref frame L

Does small limit agree with Newtonian K ?
momentum time component:
pO: m = m(l 2) 1=2

=m[l (1=2)( )+ O( Mif 1

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p.28



SR: energy: varies with ref frame L

Does small limit agree with Newtonian K ?
momentum time component:

pO: m = m(l 2) 1=2

m[l+ (1=2) 7] if 1

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p2



SR: energy: varies with ref frame L

Does small limit agree with Newtonian K ?
momentum time component:

®=m =m@1 2 122
m+(1=2)m 2 if 1

Yes.

cal C t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR —p.28



SR: p::: Invariant or not?
momentum: p=m (1; *; Y; T

P=m+K=m

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: p::: Invariant or not?
momentum: p=m (1; *; Y; T
PP=m+K=m

non-rest frame: kek?= 2+ 2 2= 1

rest frame: ktk? = 12+02= 1 invariant

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

O -p.29



SR: p::: Invariant or not? L
momentum: p=m (1; *; Y; T

P=m+K=m

non-rest frame: kgk? = m? 2+ m? 2 2= m?

rest frame: kgk? = m?+0%= m? invariant

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p.29



SR: p::: Invariant or not?
momentum: p=m (1; *; Y; T
PP=m+K=m

non-rest frame: kgk? = m? 2+ m? 2 2= m?
rest frame: kgk? = m?+0%= m? invariant
m = w:invariant mass rest mass: invariant

AND conserved (in interactions): kp+ e = k#k?

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

O -p.29



SR: p::: Invariant or not? L
momentum: p=m (1; *; Y; T

P=m+K=m

non-rest frame: kgk? = m? 2+ m? 2 2= m?

rest frame: kgk? = m?+0%= m? invariant

m = w:invariant mass rest mass: invariant

AND conserved (in interactions): kp+ ? = k&k?
where interaction is (4-momenta):

p+ q! F

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p.29



SR: p::: Invariant or not?
momentum: p=m (1; *; Y; T
P=m+K=m

non-rest frame: kgk? = m? 2+ m? 2 2= m?
rest frame: kgk? = m?+0%= m? invariant
m = w:invariant mass rest mass: invariant

AND conserved (in interactions): kp+ e? = kfk?
where interaction is (4-momenta):

p+ gl F

WARNING: assume that 4-momentum vectors at

different space-time positions can be
parallel-transported; not the case in curved spacetime

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

-p.29



SR: p::: Invariant or not?

vector space) p'+d =r'(i=1;223)

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: p::: Invariant or not? L
vector space) p'+d =r'(i=1;223)

= conservation of (relativistic) >-momentum (Newtonian:
conserved)

but NOT invariant (Newtonian: not invariant)

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p.30



SR: p::: Invariant or not? L
vector space) p'+d =r'(i=1;223)

= conservation of (relativistic) >-momentum (Newtonian:
conserved)

but NOT invariant (Newtonian: not invariant)
vector space) p°+ = r°

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p.30



SR: p::: Invariant or not?

vector space) p'+d =r'(i=1;223)

= conservation of (relativistic) (¥-momentum (Newtonian:

conserved)
but NOT invariant (Newtonian: not invariant)
vector space) p°+ = r°

= conservation of (relativistic) “total energy” = m+ K
(Newtonian: m conserved, K not conserved, K +
potential energy conserved)

but NOT invariant (Newtonian: m invariant, K not
Invariant)

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR

—p.30



SR: p::: Invariant or not? L

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p31



SR: p::: Invariant or not? L

»

- - I —

0 M cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p31



SR: p::: Invariant or not? L

»
P —+
=)

- - e —

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p31



SR: p::: Invariant or not? L

»
P —+
=)

- - e —

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p31



SR: p::: Invariant or not? L

>
P —+
=)

- - e —

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p31



SR: p::: Invariant or not? L

»

| I —

p=m(;+ ; 00)7

g=m(; ; 0,0)7

£ = ptg=2m (1,0,0,0)"
L

0 M cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p31



* Invariant or not? L

system rest mass be-
fore and after: 2m

p=m(;+ ; 0;0)7

g=m(; ; 0,07

t= p+g=2m (1;0;0;0)"
L

0 M cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p31



SR: p::: Invariant or not?

>
P —+
o

| e —

g=m(; ; 0,0)
t= p+g=2m (1;0,0;0)"
L

0 M cal C t+ X Z Xy tc Pen + PB tw U

system rest mass be-
fore and after: 2m

rest masses in many
different frames:
m+meé2m if 61

p k pk E=m E=p SR SR+ GR

O -p31



* Invariant or not? L

t° system rest mass be-
fore and after: 2m
rest masses in many
different frames:

B1+m62r’r‘¥3 f 61
L ke T kA e
k k2

g=m(; ; 0,0)
t= p+g=2m (1;0,0;0)"
L

0 M cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p31



* Invariant or not? L

t° system rest mass be-
fore and after: 2m
rest masses in many
different frames:

B1+m62r’r‘¥3 if 61

) K 2+ K &2 6

g k +k2
¥ 7 system mass is invari-
N ant, but can be di-
p=m(;+ ; 00)' vided into p® and p':i 2
g=m(; ; 0,0)f f1:2; 3y components in

Aalakh 2m (1;0;0;0)"  many different ways

0 M cal C t+ X Z Xy tc Pen + PB tw U p kpk E=m E=p SR SR+ GR -p.31



SR: p::: Invariant or not? L
Interaction: momenta: p+ g!
moduli; m, m, 2m

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p32



SR: p::: Invariant or not? L
Interaction: momenta: p+ g!
moduli; m, m, 2m

total energy E := p°

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p32



SR: p::: Invariant or not? L
Interaction: momenta: p+ g!
moduli; m, m, 2m
total energy E := p°
rest frame: E := p® =t component of m(1;0;0; 0)"
E = m (the famous equation)

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p32



SR: p::: Invariant or not?
Interaction: momenta: p+ g!

moduli; m, m, 2m

total energy E := p°

rest frame: E := p® =t component of m(1;0;0; 0)"
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p32



SR: p::: Invariant or not?
Interaction: momenta: p+ g!

moduli: m, m, 2m

total energy E := p°

rest frame: E := p® =t component of m(1;0;0; 0)"
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p32



SR: p::: Invariant or not?
Interaction: momenta: p+ g!

moduli: m, m, 2m

total energy E := p°

rest frame: E := p® =t component of m(1;0;0; 0)"
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

m? = kgk?

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p32



SR: p::: Invariant or not?
Interaction: momenta: p+ g!
moduli: m, m, 2m
total energy E := p°
rest frame: E := p® =t component of m(1;0;0; 0)"
E = m (the famous equation)
this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

m? = kgk?

m? = k(E; p*; p’; p?) Tk?

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p32



SR: p::: Invariant or not?
Interaction: momenta: p+ g!

moduli: m, m, 2m

total energy E := p°

rest frame: E := p® =t component of m(1;0;0; 0)"
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

m? = kgk?
m? = k(E; p*; p’; p?) Tk?
m2= E2+ p?

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p32



SR: p::: Invariant or not?
Interaction: momenta: p+ g!

moduli: m, m, 2m

total energy E := p°

rest frame: E := p® =t component of m(1;0;0; 0)"
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

m? = kgk?
m? = k(E; p*; p’; p?) Tk?
m2= E2 p?

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p32



SR: p::: Invariant or not?
Interaction: momenta: p+ g!
moduli: m, m, 2m
total energy E := p°
rest frame: E := p® =t component of m(1;0;0; 0)"
E = m (the famous equation)
this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

m? = kgk?

m? = k(E; p*; p’; p?) Tk?
m2= E2 k @2

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR -p.32



SR: null 4-momentum

photon: m =0

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: null 4-momentum

photon: m =0
extend defn of 4-momentum to pfor a photon

t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR



SR: null 4-momentum L

photon: m =0
extend defn of 4-momentum to pfor a photon

6) t= £ since m = 0; no 4-velocity

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p33



SR: null 4-momentum

photon: m =0
extend defn of 4-momentum to pfor a photon

6) t= £ since m = 0; no 4-velocity

so0=E? p?

cal C t+ X Z Xy tc Pen + PB tw U p k pk E=m E=p SR SR+ GR O -p33



SR: null 4-momentum

photon: m =0
extend defn of 4-momentum to pfor a photon
6) t= £ since m = 0; no 4-velocity

so0=E? p?

i.e. p=(E;E; 0;0)" = (p;p;0;0)" (if x direction)
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SR: null 4-momentum

photon: m =0

extend defn of 4-momentum to pfor a photon
6) t= £ since m = 0; no 4-velocity
so0=E? p?

i.e. p=(E;E; 0;0)" = (p;p;0;0)" (if x direction)
so E = pfor any massless particle
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SR: model summary

Minkowski spacetime: draw a correct diagram
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SR: model summary L

Minkowski spacetime: draw a correct diagram

Lorentz transformation (boost) ( ) or ( )
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SR: model summary L

Minkowski spacetime: draw a correct diagram
Lorentz transformation (boost) ( ) or ( )

refuse the assumption of absolute simultaneity (time)
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