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2. 8 spacetime point x 9 4D Minkowski tangent space
T«M at x
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= vector space, g ) lengths of vectors in TyM
3. also, 8x 2 M; 9 4D Mink. cotangent space T, M
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2. 8 spacetime point x 9 4D Minkowski tangent space
T«M at x

= vector space, g ) lengths of vectors in TyM

3. also, 8x 2 M; 9 4D Mink. cotangent space T, M
= space of one-forms, g 1) “lengths”

2+3. vector—one-form duality in a basis:

4. w:Levi-Civita connection ( metric

5. metric ( Einstein eld equations
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GR: coordinate transformations 1

80= S8+ Y08 0 .
8= Jo&*t w8l Pl oo oy

p= p'q (Einstein summation)
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GR: coordinate transformations 1

80= S8+ Y08 0 .
8= Jo&*t w8l Pl oo oy

p= p'q (Einstein summation)
new basis vectors = sum of inverse old vectors

vector invariance requires contravariance of its coords
“contra” = inverse of change of basis vectors

pis invariant: no dependence on coords
pis contravariant: p' change inversely to g
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and ( x; y)?
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=scalar eld= (x;y) (x®y9
write 1= & = (& )y
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depends either on x and y, or on x%and y°
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=scalar eld= (x;y) (x%y9Y
write 1= & = (T )y
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) x0= x Xyt iy Yo ,

(x5 y)= ( x )
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=scalar eld= (x;y) (x%y9Y
write 1= & = (T )y
depends elther on x and y, or on x%and y°

) x0=  xXxot .y Yo |
. _ . X:x0  X:yo0
( X0, ;yO) = X 1 ;y) » y.yo
| > I
X coS sin x0 .
= . 9 (example: rotation)
y sin COS y

X;XO — % COS
@x — i
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GR: coord. transf.: 1-forms

=scalar eld= (x;y) (x®y9
write 1= & = (& )y

@x -
depends either on x and y, or on x%and y°
) x0T xXxot iy VYixo !
X:x0 X0
(x5 y)= ( xi ) o
' ' Y;xo | Y;yo
| | !
X Xx0 X X
= xR0 ; (general)
y Yixo Yo y
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=scalar eld= (x;y) (x%y9Y
write 1= & = (T )y
depends elther on x and y, or on x%and y°
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=scalar eld= (x;y) (x%y9Y
write 1= & = (T )y

depends elther on x and y, or on x%and y°
) x0= x Xyt iy Yo ,
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GR: coord. transf.: 1-forms

=scalar eld= (x;y) (x%y9Y
write 1= & = (T )y

depends elther on x and y, or on x%and y°
) x0= x Xyt iy Yo ,

. _ . X;x0  X;y0
( X0 0) = X )
” ' 4 ” ly Yix0 Yo
x - o1 X (general)
y y°

d = (@)@ )y = @)@)y

=

T 1d |hi g x |ds?/r A M| jEFE [Sch/FI SR+GR Feb-Jun 2011



GR: coord. transf.: 1-forms

=scalar eld= (x;y) (x%y9Y
write 1= & = (T )y

depends elther on x and y, or on x%and y°
) x0= x Xyt iy Yo ,

= L Xx0  Xey0
( ; !,Y) ( ’ !’y) Y:x0 y;yO
;i - 1 );8 (general)
d = (@)@ )y = @)@)y
(@) o=(0) 0
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basis vectors of different bases: € o = e

same vector: (9 U= O(’p)
same gradient (example 1-form): (@ ) o=(d ) o
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basis vectors of different bases: € o = e

same vector: (9 U= O(19)

same gradient (example 1-form): (@ ) o= (0 ) 0
vector pis invariant. no dependence on coords
pIs contravariant. components p change inve(l)rsely to

how € change; Inverses: matrixf gvsf ¢
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GR: coord. transf.: 1-forms L

basis vectors of different bases: € o = e

same vector: (9 U= O(19)
same gradient (example 1-form): (@ ) o=(d ) o

vector pis invariant. no dependence on coords
pIs contravariant. components p change inversely to
0

how € change; Inverses: matrixf gvsf ¢

1-form @ is invariant: no dependence on coords

d Is covariant: components (@ ) change like € (but
left-multiply)
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GR: coord. transf.: 1-forms

basis vectors of different bases: € o = e

same vector: (9 U= O(’p)
same gradient (example 1-form): (@ ) o=(d ) o

vector pis invariant. no dependence on coords
pIs contravariant. components p change inversely to

0

how € change; Inverses: matrixf gvsf ¢

1-form @ is invariant: no dependence on coords

d Is covariant: components (@ ) change like € (but
left-multiply)
w:Covariance and contravariance of vectors

=

T 1d |hi g x |ds? r A M| jEFE [Sch/FI SR+GR Feb-Jun 2011

— p5


http://en.wikipedia.org/wiki/Covariance and contravariance of vectors

GR: p;er;hp:di ; O

GR tensors: two different scalar products

=

T 1d |hi g x |ds?/r A M| jEFE [Sch/FI SR+GR Feb-Jun 2011



GR: p;er;hp:di ; O

GR tensors: two different scalar products

vector—1-form duality de ned:

=

T 1d |hi g x | ds? r A M| jEFE [Sch/FI SR+GR Feb-Jun 2011



GR: p;er;hp:di ; O

GR tensors: two different scalar products

vector—1-form duality de ned:
. P
hpiet = pg
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GR tensors: two different scalar products

vector—1-form duality de ned:

hp;ei = p g
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GR tensors: two different scalar products

vector—1-form duality de ned:
hpiet = p g = Q&) = a(p)
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GR tensors: two different scalar products
vector—1-form duality de ned:

hpiet = p g = Q&) = a(p)

h; iisa(l,1) tensor

can be called |
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GR tensors: two different scalar products
vector—1-form duality de ned:

hpiet = p g = Q&) = a(p)

h; iisa(l,1) tensor

think: vector! column vector
1-form! row vector
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GR tensors: two different scalar products

vector—1-form duality de ned:
hpiet = p g = Q&) = a(p)

h; iisa(1,1) tensor
| |
. 10 p° _
(Cbsql) O 1 p]_ _
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GR tensors: two different scalar products

vector—1-form duality de ned:
hpiet = p g = Q&) = a(p)

h; iisa(1,1) tensor
| | |
1 0 o
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GR tensors: two different scalar products

vector—1-form duality de ned:
hpiet = p g = Q&) = a(p)

h; iisa(1,1) tensor
| | |
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GR tensors: two different scalar products
vector—1-form duality de ned:
hpiet = p g = Q&) = a(p)

h; iisa(1,1) tensor
| | |

10 P
(Qo; 0 0 1 ol (p; 1) ol P g
h; i =(1,1)-tensor = “row-column” matrix I with| =
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GR tensors: two different scalar products

ordinary linear algebra: column vectors, row vectors,
matrices
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(m; n)-tensor algebra: m column n row m + n-arrays

e.g.: (0; 2)-tensor: metric g
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using h; i, (1;0)-tensor = vector = function of 1-forms
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using h; i, (0; 1)-tensor = 1-form = function of vectors
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(m; n)-tensor = function of m 1-forms and n vectors

V = space of vectors p=p €
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(m; n)-tensor algebra: m column n row m + n-arrays
(m; n)-tensor = function of m 1-forms and n vectors

V = space of vectors p=p €

V = dual space of 1-forms = q e
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GR tensors: two different scalar products
(m; n)-tensor algebra: m column n row m + n-arrays
(m; n)-tensor = function of m 1-forms and n vectors
V = space of vectors p=p €

V = dual space of 1-forms = q e

V V =spaceof(0;2)-tensorsT=T e e (e.g.
metric) w:tensor product
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GR: pie;hp;ei ; 9
GR tensors: two different scalar products
(m; n)-tensor algebra: m column n row m + n-arrays
(m; n)-tensor = function of m 1-forms and n vectors
V = space of vectors p=p €

V = dual space of 1-forms = q e

V V =spaceof(0;2)-tensorsT=T e e (e.g.
metric) w:tensor product

loosely speaking, the second means “function of two
vectors” (or 1-forms, or a vector and a 1-form) in that
particular left-to-right order
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GR tensors: two different scalar products
(m; n)-tensor algebra: m column n row m + n-arrays
(m; n)-tensor = function of m 1-forms and n vectors
V = space of vectors p=p €

V = dual space of 1-forms = q e

V V =spaceof(0;2)-tensorsT=T e e (e.g.
metric) w:tensor product

order of V V =2

=
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GR: pie;hp;ei ; 9
GR tensors: two different scalar products
(m; n)-tensor algebra: m column n row m + n-arrays
(m; n)-tensor = function of m 1-forms and n vectors
V = space of vectors p=p €

V = dual space of 1-forms = q e

V V =spaceof(0;2)-tensorsT=T e e (e.g.
metric) w:tensor product

order of V V =2

warning: the "rank” of tensors has two different
meanings: w:Tensor_(intrinsic_de nition)#Tensor_rank
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GR: p;&hpidi ; 0
GR tensors: two different scalar products
(m; n)-tensor algebra: m column n row m + n-arrays
(m; n)-tensor = function of m 1-forms and n vectors

V = space of vectors p=p €

V = dual space of 1-forms = q e

V V =spaceof(0;2)-tensorsT=T e e (e.g.

metric) w:tensor product

orderofV. V =2
dimensionof V  V =16 (for V = spacetime)
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V V =spaceof(0;2)-tensorsT=T e e, where
= w:tensor product

=
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V V =spaceof(0;2)-tensorsT=T e e, where
= w:tensor product

e.g.. metric g = function of two vectors

=
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V V =spaceof(0;2)-tensorsT=T e e, where
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

=
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V V =spaceof(0;2)-tensorsT=T e e, where
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR% g =

=
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V V =spaceof(0;2)-tensorsT=T e e, where
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

. 1 O
e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01
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V V =spaceof(0;2)-tensorsT=T e e, where
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

. 1 O
e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01
g(A; B)
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GR: g

V V =spaceof(0;2)-tensorsT=T e
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

. 1 O
e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01

also written: A’ B “dot product”
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V V =spaceof(0;2)-tensorsT=T e e, where
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

. 1 O
e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01
g(A; B)
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GR: g

V V =spaceof(0;2)-tensorsT=T e
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01
11 I !# T I
1 O A¢ B,
A B)=
9(A; B) -2 A n
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V V =spaceof(0;2)-tensorsT=T e e, where
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01

B
g(A;B) = ArAr? r
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V V =spaceof(0;2)-tensorsT=T e e, where
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01

g(A;B) = AB,+ A B r?
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V V =spaceof(0;2)-tensorsT=T e
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

_ 1 0
e.g. EuclideangonR2. g = 0 r2
!

10
Oxy 0 1
g(A;B) = AB,+ A B r?

] | |# T l
1 O AX BX

L 01 A B,

e , where
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GR: g

V V =spaceof(0;2)-tensorsT=T e
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01

!

Bx

g(A;B) = AlBr+AB r? = (Ax;Ay) B
y
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GR: g

V V =spaceof(0;2)-tensorsT=T e
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01

g(A;B) = AlBr+ A Br? = ABx+ AyBy

=
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e , where
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GR: g

V V =spaceof(0;2)-tensorsT=T e
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01

g(A;B) = AlBr+ A Br? = ABx+ AyBy
In general, for a 2-form T, T(A; B) 6 T(B; A)
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GR: g

V V =spaceof(0;2)-tensorsT=T e
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01

g(A;B) = AlBr+ A Br? = ABx+ AyBy
g=g e e

=
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e , where
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GR: g

V V =spaceof(0;2)-tensorsT=T e
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01

g(A;B) = AlBr+ A Br? = ABx+ AyBy
g=9g € e

=
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GR: g

V V =spaceof(0;2)-tensorsT=T e
= w:tensor product

e.g.. metric g = function of two vectors
= “row-row” matrix

e.g. EuclideangonR?. g = 0 2 O
!
10
>y 01

g(A;B) = AlBr+ A Br? = ABx+ AyBy
g=Oye ¢&

=
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g
) g=g e e
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g

) g=9g e e

=g(e;e)

eg.g=gr€¢ €+ €& e+g,e d+ge e

d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011

1

— pg



GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g
) g=g e e
eg.g=gr€¢ €+g e e
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=g(e;e)
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g
) g=g e e

eg.g=gr€¢ €+ge e

check: g(e:€)= gr?
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g
) g=9g e e

eg.g=9gr¢ €+ge e
g(e;a)=(ow€ €e+g e e)(a;8)
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g
) g=9g e e

eg.g=gr€¢ €+ge e
g(e;8)=ogr¢ €(a;8)+tg e e(a;8)
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g
) g=9g e e

eg.g=9gr¢ €+ge e
g(e;e)=or€(a)e(a)+g e(a)e(a)
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=g(e;e)
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g

) g=9g e e

eg.g=gr€¢ €+ge e

g(&;8)=ogr ¥, aihe;8i+g e;8 e;8
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=g(e;e)
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g
) g=g e e

eg.g=gr€¢ €+ge e

=g(e;e)

ge:;€)=gr 1 1+g 0O O0byduality through

scalar product h; i
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GR: metric tensor g, g !, bases *

g can be applied to basis vectors €

we can de ne components (used earlier): g = g(e;e)
) g=g e e

eg.g=gr€¢ €+ge e

g(e;8) = g self-consistent de nition

=
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g
) g=g e e

eg.g=gr€¢ €+ge e

inverse:g 1=g © e,
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GR: metric tensor g, g !, bases *

g can be applied to basis vectors €

we can de ne components (used earlier): g = g(e;e)
) g=g e e

eg.g=gr€¢ €+ge e

inverse:g 1=g © e,

whereg g =

=
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GR: metric tensor g, g !, bases *

g can be applied to basis vectors €

we can de ne components (used earlier): g = g(e;e)
) g=g e e

eg.g=gr€¢ €+ge e

inverse:g 1=g © e,

whereg g =

duality of associate vectors and 1-forms:
g(A;B) =g YA B)
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GR: metric tensor g, g !, bases *

g can be applied to basis vectors €

we can de ne components (used earlier): g = g(e;e)
) g=g e e

eg.g=gr€¢ €+ge e

inverse:g 1=g © e,

whereg g =

duality of associate vectors and 1-forms:
g(A;B)=g (AB)=A B
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GR: metric tensor g, g !, bases *

g can be applied to basis vectors €

we can de ne components (used earlier): g = g(e;e)
) g=g e e

eg.g=gr€¢ €+ge e

inverse:g 1=g © e,

whereg g =

duality of associate vectors and 1-forms:
g(A;B)=g (AAB) =A B=g AB
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GR: metric tensor g, g !, bases *

g can be applied to basis vectors €

we can de ne components (used earlier): g = g(e;e)
) g=g e e

eg.g=gr€¢ €+ge e

inverse:g 1=g © e,

whereg g =

duality of associate vectors and 1-forms:
g(A:B)=g {(AB)=A B=g AB =g AB

=
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GR: metric tensor g, g !, bases *

g can be applied to basis vectors €

we can de ne components (used earlier): g = g(e;e)
) g=g e e

eg.g=gr€¢ €+ge e

inverse:g 1=g © e,

whereg g =

duality of associate vectors and 1-forms:
g(A:B)=g {(AB)=A B=g AB =g AB

lower anindex:g A = A

=
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GR: metric tensor g, g 1, bases

g can be applied to basis vectors €

we can de ne components (used earlier): g = g(e;e)
) g=g e e

eg.g=gr€¢ €+ge e

inverse:g 1=g © e,

whereg g =

duality of associate vectors and 1-forms:
g(A:B)=g {(AB)=A B=g AB =g AB

lower anindex:g A = A

raise anindex:g B =B

=

d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011

1

— pg



GR: what Is a coordinate?

a coordinate, e.g. x° or x! is a scalar eld on the
4-manifold
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GR: what Is a coordinate? L

a coordinate system x = set of four scalar elds on the
4-manifold
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GR: what Is a coordinate? L

a coordinate system x = set of four scalar elds on the
4-manifold

(Bertschinger writes x, to show dependence on position
X In manifold 6 vector space)
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GR: what Is a coordinate? L

a coordinate system x = set of four scalar elds on the
4-manifold

x are differentiable almost everywhere

=
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GR: what Is a coordinate? L

a coordinate system x = set of four scalar elds on the
4-manifold

x are differentiable almost everywhere

-1

-0.5

> o+t

0.5 -

. | " e.g.on R?
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GR: what Is a coordinate? L

a coordinate system x = set of four scalar elds on the
4-manifold

x are differentiable almost everywhere

-1

-0.5

> o+t

0.5 -

. | " e.g.on R?
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GR: what Is a coordinate? L

a coordinate system x = set of four scalar elds on the
4-manifold

x are differentiable almost everywhere

-1

-0.5 r

05 r

-1 -0.5 0 0.5

scalar field r 1 e.g. on RZ

=
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GR: what Is a coordinate? L

a coordinate system x = set of four scalar elds on the
4-manifold

x are differentiable almost everywhere

-1

-0.5 r

05 r

-1 -0.5 0 0.5

scalar field qT [-p,+p] 1 €.gd. On RZ

=
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GR: what Is a coordinate? L

a coordinate system x = set of four scalar elds on the
4-manifold

x are differentiable almost everywhere

-1

-0.5 r

05 r

1

-1 -0.5 0 0.5

scalar field qT [-p,+p] 1 €.gd. On RZ

coordinate singularity 6 singularity in manifold
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GR: what is a coordinate basis?

coordinate basis: € , € chosen so that:
dx=dx © and
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GR: what is a coordinate basis?

coordinate basis: € , € chosen so that:
dx=dx € and
D E

df = af;, dx forany scalar eld f coordinate-free

where @ = € @ In a coordinate basis
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GR: what is a coordinate basis?

coordinate basis: € , € chosen so that:
dx=dx € and
D E

df = af;, dx forany scalar eld f coordinate-free

where @ = € @ In a coordinate basis
(Bertschinger writes € for the gradient d)
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GR: what is a coordinate basis?

coordinate basis: € , € chosen so that:
dx=dx € and
D E

df = af;, dx forany scalar eld f coordinate-free

where d = e 6@ IN agoordinate basis
check: df = af; dx

=
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GR: what is a coordinate basis?
coordinate basis: € , e chosen so that:
dx:de € aEd

df = af;, dx forany scalar eld f coordinate-free
where d = ¢ 6@ In agoordinate basis

check: df = @f; dx

= he @f: dx eI

=
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GR: what is a coordinate basis?

coordinate basis: € , € chosen so that:
dx=dx € and
D E

df = af;, dx forany scalar eld f coordinate-free
where d =€ 6@ In agoordinate basis
check: df = af; dx

= he @f; dx e
= @f dx he ;e i since scalars commute

=
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GR: what is a coordinate basis?

coordinate basis: € , € chosen so that:
dx=dx € and
D E

df = af;, dx forany scalar eld f coordinate-free
where d =€ 6@ In agoordinate basis
check: df = af; dx

= he @f: dx eI
= @f dx he ;ei since scalars commute
l.e.df = @f dx sincehe ;ei =
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GR: what is a coordinate basis?

coordinate basis: € , € chosen so that:
dx=dx € and
D E

df = af;, dx forany scalar eld f coordinate-free
where d =€ 6@ In agoordinate basis
check: df = af; dx

= he @f; dx e
= @f dx he ;e i since scalars commute

. _ @f
l.e. df = @dx
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GR: what is a coordinate basis?
coordinate basis: € , e chosen so that:
dX:de € aEd

df = af;, dx forany scalar eld f coordinate-free
where d =€ 6@ In agoordinate basis
check: df = af; dx

= he @f; dx e
= @f dx he ;e i since scalars commute
l.e. df = @f dx

=
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GR: what is a coordinate basis?

coordinate basis: € , € chosen so that:
dx=dx € and
D E

df = af;, dx forany scalar eld f coordinate-free
where d =€ 6@ In agoordinate basis
check: df = af; dx

= he @f; dx e
= @f dx he ;e i since scalars commute
l.e. df = @f dx

check: dx = e @Xx

=
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GR: what is a coordinate basis?
coordinate basis: € , e chosen so that:
dX:de € aEd

df = af;, dx forany scalar eld f coordinate-free
where d =€ 6@ In agoordinate basis
check: df = af; dx

= he @f; dx e
= @f dx he ;e i since scalars commute
l.e. df = @f dx

cthk: dx =€ @x
= e @X

=
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GR: what is a coordinate basis?
coordinate basis: € , e chosen so that:
dX:de € aEd

df = af;, dx forany scalar eld f coordinate-free

where d = e 6@ IN agoordinate basis
check: df = af; dx

= he @f; dx e
= @f dx he ;e i since scalars commute
l.e. df = @f dx

chsck dx =€ @x

@
@xx
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GR: what is a coordinate basis?

coordinate basis: € , € chosen so that:
dx=dx € and
D E

df = af;, dx forany scalar eld f coordinate-free
where d =€ 6@ In agoordinate basis
check: df = af; dx

= he @f; dx e
= @f dx he ;e i since scalars commute
l.e. df = @f dx

check: dx = e @Xx
=€
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GR: metric using dx

we now have
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GR: metric using dx

we now have

ds? := jdx2

d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011



GR: metric using dx

we now have
ds? := jdxj° = g(dx;dx)
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GR: metric using dx

we now have
ds? := jdxj% = g(dx;dx) = d x dx coordinate-free
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GR: metric using dx L

we now have
ds? := jdxj% = g(dx;dx) = d x dx coordinate-free

ds?= g dx x ifx are a coordinate basis

=
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GR: e.g. Euclideang on R?

o and gxy
ds? =dx?+dy?=dr?+ r?d 2
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GR: e.g. Euclideang on R?

g and gyy
ds? =dx?+dy?=dr?+ r?d 2
8 & =1= 8 4, otherszero
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GR: e.g. Euclideang on R?

o and gxy

ds? =dx?+dy?=dr?+ r?d 2

8 & =1= 8 4, otherszero

8 g8=1,e €=r261

g g = ) gv=1=¢g%gY=0=¢"

d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011



GR: e.g. Euclideang on R? L

o and gxy

ds? =dx?+dy?=dr?+ r?d 2

8 & =1= 8 4, otherszero

8 g8=1,e €=r261

g g = ) gr=1=¢%g¥=0=¢"
butg" =16g =r %g =0= ¢’
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ds? =dx?+dy?=dr?+ r?d 2

8 & =1= 8 4, otherszero

8 g8=1,e €=r261

g g = ) g¥=1=¢Yg¥=0=¢g"
butg" =16g =r %g =0=g'
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GR: e.g. Euclideang on R?
o and gxy

ds? =dx?+dy?=dr?+ r?d 2

8 & =1= 8 4, otherszero

8 g8=1,e €=r261

g g = ) g¥=1=¢Yg¥=0=¢g"
butg" =16g =r %g =0=g'

0

2 5

L ¢ €=1e e=r %261
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GR: gradient of a vector. r A

gradient of scalar eld: @ €
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GR: gradient of a vector. r A

what is gradient of vector eld €A?
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GR: gradient of a vector. r A
EA=F(A €)
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GR: gradient of a vector. r A
EA=F(A €)
=€ @A €)
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GR: gradient of a vector. r A
EA=F(A €)

=€ @A €)

e [(@A )e + A @e] by product rule and linearity
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GR: gradient of a vector. r A
EA=F(A €)

=€ @A €)
= @A e ee+Ae @€
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GR: gradient of a vector. r A L

EA=F(A €)

=€ @A €)
= @A e € + A e @e

give a name to the second part: it must be a linear
combination of basis vectors €

=
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GR: gradient of a vector. r A

EA=F(A €)

=€ @A €)

— @A e ee+Ae @€

de ne € = @< Christoffel symbols of second kind

(symmetric defn)
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GR: gradient of a vector. r A

EA=F(A €)

=€ @A €)

@A e ee+Ae @e

de ne € = @< Christoffel symbols of second kind
(symmetric defn)

SOFA= @A e € +Ace €

d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011
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GR: gradient of a vector. r A
EA=F(A €)
=€ @A €)

= @A e

e+ Ae @e

de ne € = @< Christoffel symbols of second kind
(symmetric defn)

SOFA= @A e € +Ace €

—@A e €e+A e € since any IS a scalar

r A M j EFE Sch, FL SR+GR Feb-Jun 2011
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GR: gradient of a vector. r A L

EA=F(A €)

=€ @A €)

— @A e e+Ae @e

de ne € = @< Christoffel symbols of second kind
(symmetric defn)

SOFA= @A e € +Ace €

= @A e €+ A e ¢

Ig,inc:e nam%of summaE',on iIndex Is arbitrary, e.g.
X 2 = X 2 = X 2

=



GR: gradient of a vector. r A L

EA=F(A €)

=€ @A €)

— @A e e+Ae @e

de ne € = @< Christoffel symbols of second kind
(symmetric defn)

SOFA= @A e € +Ace €

= @A e €+ A e ¢
(@A + A )e €

=
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GR: gradient of a vector. r A L

EA=F(A €)

=€ @A €)

— @A e e+Ae @e

de ne € = @< Christoffel symbols of second kind
(symmetric defn)

SOFA= @A e €+Ace €

= @A e €+ A e ¢
(@A + A )e €

r A =A. =@A +A

w:covariant derivative of vector

=
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GR: gradient of a vector. r A L

EA=F(A €)

=€ @A €)

— @A e e+Ae @e

de ne € = @< Christoffel symbols of second kind
(symmetric defn)

SOFA= @A e €+Ace €

= @A e €+ A e ¢
(@A + A )e €

r A ::A; ::A; + A

w:covariant derivative of vector

=
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GR: € and L

mathematically deeper: €, usually written justasr , is
the w:Levi-Civita connection

=

1 d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011 O -pi15
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mathematically deeper: €, usually written justasr , is
the w:Levi-Civita connection
warning: are NOT the components of a tensor
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GR: € and L

mathematically deeper: €, usually written justasr , is

the w:Levi-Civita connection
warning: are NOT the components of a tensor

€ applied to a (m; n)-tensor eld on a manifold gives an
(m;n+1)-tensor eld
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GR: € and L

mathematically deeper: €, usually written justasr , is
the w:Levi-Civita connection
warning: are NOT the components of a tensor

€ applied to a (m; n)-tensor eld on a manifold gives an
(m;n+1)-tensor eld

so far we showed how € applied to a (0; 0)-tensor eld =
scalar eld gives a (0;1)-tensor eld = one-form eld =

@) e

=
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GR: € and L

mathematically deeper: €, usually written justasr , is
the w:Levi-Civita connection
warning: are NOT the components of a tensor

€ applied to a (m; n)-tensor eld on a manifold gives an
(m;n+1)-tensor eld

so far we showed how € applied to a (0; 0)-tensor eld =
scalar eld gives a (0;1)-tensor eld = one-form eld =

€ e - @=e

=
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GR: € and

mathematically deeper: €, usually written justasr , is
the w:Levi-Civita connection
warning: are NOT the components of a tensor

€ applied to a (m; n)-tensor eld on a manifold gives an
(m;n+1)-tensor eld

so far we showed how € applied to a (0; 0)-tensor eld =
scalar eld gives a (0;1)-tensor eld = one-form eld =

€ e - @=e
and € on a (1;0)-tensor eld = vector eld A gives a
(1; 1)-tensor with componentsr A = @A + A

=
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GR: € and

mathematically deeper: €, usually written justasr , is
the w:Levi-Civita connection
warning: are NOT the components of a tensor

€ applied to a (m; n)-tensor eld on a manifold gives an
(m;n+1)-tensor eld

so far we showed how € applied to a (0; 0)-tensor eld =
scalar eld gives a (0;1)-tensor eld = one-form eld =

€ e - @=e
and € on a (1;0)-tensor eld = vector eld A gives a
(1; 1)-tensor with componentsr A = @A + A

tensors: € =€ e |

=
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GR: € and

mathematically deeper: €, usually written justasr , is
the w:Levi-Civita connection
warning: are NOT the components of a tensor

€ applied to a (m; n)-tensor eld on a manifold gives an
(m;n+1)-tensor eld

so far we showed how € applied to a (0; 0)-tensor eld =
scalar eld gives a (0;1)-tensor eld = one-form eld =

€ e - @=e
and € on a (1;0)-tensor eld = vector eld A gives a
(1; 1)-tensor with componentsr A = @A + A

tensors: € =F e, A= @A + A e <€

=
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GR: € and

mathematically deeper: €, usually written justasr , is
the w:Levi-Civita connection
warning: are NOT the components of a tensor

€ applied to a (m; n)-tensor eld on a manifold gives an
(m;n+1)-tensor eld

so far we showed how € applied to a (0; 0)-tensor eld =
scalar eld gives a (0;1)-tensor eld = one-form eld =

€ e - @=e
and € on a (1;0)-tensor eld = vector eld A gives a
(1; 1)-tensor with componentsr A = @A + A

tensors: € =F e, A= @A + A e <€
not components of tensor:
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GR: gradient of one-form €A

how does a one-form change with position? €EA =7

d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011
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GR: gradient of one-form €A

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F
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GR: gradient of one-form €A

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e i =

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e =
@ =0 (obviously)

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e i =

0O=@ = @(he;el)

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e =
0=@ =@(he;el)

caane usEe the product rule with this scalar product?
@ AB =2

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e =
0=@ =@(he;el)

caane usEe the product rule with this scalar product?

@ AB = @(A B )insome coordinate basis

=
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GR: gradient of one-form €A

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e =
0=@ =@(le;ei)

caane usEe the product rule with this scalar product?
@ AB =@(AB)

= (@A )B + A (@B ) by product rule on functions

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e i =
0=@ =@(le;ei)

caane usEe the product rule with this scalar product?
@ AB =@(AB)

= %@A )BE+ ,S (@B I'—E

= @A B + A @B since

@A = (@A0; @A1; @A2; @AS3)
-
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e =
0O=@ =@(he;ei

( )D E D E D E
productruleholdss:@ AB = @AB + A @B

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?
relation between vectors and one-forms: he ;e i =
O=@ =@ (he:ei

( )D E D E D E
productruleholdss:@ AB = @AB + A @B
so0=hoe ;e1+ e @ei

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?
relation between vectors and one-forms: he ;e i =
O=@ =@ (he:ei

( )D E D E D E
productruleholdss:@ AB = @AB + A @B

so 0= e:el+he.@ei
@ D @ E

= F e + e; =€

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF 7
relation between vectors and one-forms: he ;e i =

0= = e el
@ @ )D E D E D E
productruleholdss:@ AB = @AB + A @B

so0=hoe ;e1+ e @ei
=F he:ei+ he :el

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF 7
relation between vectors and one-forms: he ;e i =

O=@ = @(he;el)D

E D E D E
productruleholdss:@ AB = @AB + A @B
so0=hoe ;e1+ e @ei
=F + sincehe ;ei =

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e i =

O=@ = @(he;el)D

E D E D E
productruleholdss:@ AB = @AB + A @B
so0=hoe ;e1+ e @ei
=F + sincehe ;ei =
hence, @e =: F e = e

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e i =

O=@ = @(he;el)D

E D E D E
productruleholdss:@ AB = @AB + A @B
so0=hoe ;e1+ e @ei
=F + since e ;ei =
hence, @e =: F e = e
€ A = @A + A A @A A

=
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GR: gradient of one-form €A L

evaluating € A as we did € A shows that we again need
@e = F e for some coef cients F

how can we relate toF ?

relation between vectors and one-forms: he ;e i =

O=@ = @(he;el)D

E D E D E
productruleholdss:@ AB = @AB + A @B
so0=hoe ;e1+ e @ei
=F + since e ;ei =
hence, @e =: F e = e
A =A. +A A=A A

=
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GR: smooth manifold and € g

similarly, we can write the (0; 3)-tensor
€g=(r g Je e e
givingr g = @g g g

d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011
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GR: smooth manifold and € g

similarly, we can write the (0; 3)-tensor
€g=(r g Je e e

givingr g = @g g g
alsofg 1=(r g Je e =
andr g =@9 + g + ¢
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GR: smooth manifold and € g L

similarly, we can write the (0; 3)-tensor
€g=(r g Je e e

givingr g = @g g g
alsofg 1=(r g Je e =
andr g =@9 + g + ¢

Do we know anything interesting about € g for the
manifolds of interest to GR?

=
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GR: smooth manifold and € g L

similarly, we can write the (0; 3)-tensor
€g=(r g Je e e

givingr g = @g g g
alsofg 1=(r g Je e =
andr g =@g + g + ¢

Do we know anything interesting about € g for the
manifolds of interest to GR?

First, we need a rough description of the manifolds we
need for GR.

=

1 d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011 —p.17



GR: smooth manifold and € g

topological 4-(pseudo-)manifold M
w:Manifold#Mathematical _de nition

only topological properties needed

d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011
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GR: smooth manifold and € g L

topological 4-(pseudo-)manifold M
w:Manifold#Mathematical _de nition

only topological properties needed
no differentiability, no metric needed

=
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GR: smooth manifold and € g L

topological 4-(pseudo-)manifold M
w:Manifold#Mathematical _de nition

only topological properties needed
next: relation with R* (or M%)

=
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GR: smooth manifold and € g L

topological 4-(pseudo-)manifold M
w:Manifold#Mathematical _de nition

only topological properties needed
next: relation with R* (or M%)

=

1 d hi g x ds2 r A M j EFE Sch,FL  SR+GR Feb-Jun 2011 O -p18



1

GR: smooth manifold and € g

topological 4-(pseudo-)manifold M
w:Manifold#Mathematical _de nition

only topological properties needed
next: relation with R* (or M%)

=

d hi g x

d52 r

A M j EFE Sch, FL SR+GR Feb-Jun 2011

w:Manifold

chart := function  from
part of pseudo-4-manifold
M to part of M* (Minkow-
ski)

atlas := set of overlap-
ping charts that cover M

1
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GR: smooth manifold and € g L

If every transition chart ;= Lin an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

=
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GR: smooth manifold and € g L

If every transition chart ;= Lin an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

2

=
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GR: smooth manifold and € g L

If every transition chart ;= Lin an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

W.

projections (left-to-right) 1, 2, 3from S?to R?

=
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GR: smooth manifold and € g L

If every transition chart ;= Lin an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

W.

1 Is not differentiable, so 1 L is not differentiable

=
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GR: smooth manifold and € g L

If every transition chart ;= Lin an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

W.

atlas not enough to show that S? = differentiable
LZ-manifoId
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GR: smooth manifold and € g L

If every transition chart := Lin an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

=
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GR: smooth manifold and € g L

If every transition chart := Lin an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

If 8k 1, 9k-th derivatives, then M Is a smooth
4-(pseudo-)manifold

=
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GR: smooth manifold and € g L

If every transition chart := Lin an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

If 8k 1, 9k-th derivatives, then M Is a smooth
4-(pseudo-)manifold

If a (pseudo-)w:Riemannian metric g can be added to M,
then (M; g) Is a (pseudo-)Riemannian 4-manifold

=
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GR: smooth manifold and € g

If every transition chart := Lin an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

If 8k 1, 9k-th derivatives, then M Is a smooth
4-(pseudo-)manifold

If a (pseudo-)w:Riemannian metric g can be added to M,

then (M; g) Is a (pseudo-)Riemannian 4-manifold
If g has signature (1;n 1) (l.e.( ;+;+;+) or
(+; ; ; ),etc.), then (M; g) Is a Lorentzian n-manifold

=
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GR: smooth manifold and € g

topological manifolds
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GR: smooth manifold and € g

topological manifolds
differentiable (pseudo-)manifolds
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GR: smooth manifold and € g

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
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GR: smooth manifold and € g

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds
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GR: smooth manifold and € g

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds
Lorentzian manifolds
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GR: smooth manifold and € g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds

Lorentzian manifolds
Lorentzian 4-manifolds

=
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topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds

Lorentzian manifolds
Lorentzian 4-manifolds

GR: assume that spacetime is a Lorentzian 4-manifold
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from above:

r g = @g 9 9

In the tangent space at x; 9 coordinate basis € with
g = =dag( 1L,111)=g

) @g =@ =0

also, e =€ = @€

but in a Cartesian or Minkowski (vector) space, the basis
vectors always point in the same direction and their
lengths are xed
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g = =dag( 1L,111)=g

) @g =@ =0

also, e =€ = @€
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g = =dag( 1L,111)=g

) @g =@ =0

also, e =€ = @€
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from above:

r g = @g 9 9

In the tangent space at x; 9 coordinate basis € with
g = =dag( 1L,111)=g

) @g =@ =0

also, e =€ = @€

sor g =0

so g = 0 (also ©g ! =0) onthe tangent space, since if
true in one coord system, also true in others
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from above:

r g = @g 9 9

In the tangent space at x; 9 coordinate basis € with
g = =dag( 1L,111)=g

) @g =@ =0

also, e =€ = @€

sor g =0

sog= 0= €g !ontangent space
...€g=0=E€g tonM
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from above:

r g = @g 9 9

In the tangent space at x; 9 coordinate basis € with
g = =dag( 1L,111)=g

) @g =@ =0

also, e =€ = @€

sor g =0

sog= 0= €g !ontangent space
...€g=0=E€g tonM
= In any coord. basis (symmetric defn)
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GR: smooth manifold and € g L

from above:

r g = @g 9 9

In the tangent space at x; 9 coordinate basis € with
g = =dag( 1L,111)=g

) @g =@ =0

also, e =€ = @€

sor g =0

sog= 0= €g !ontangent space
...€g=0=E€g tonM
= In any coord. basis (symmetric defn)

g (@g + @g @g ) in a coordinate basis

=
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w:Equivalence principle

can be thought of as a consequence of the model
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maxima - component tensor packet ctensor; itensor
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GR: a numerical method: cactus ¥

+ Cactus - http://cactuscode.org
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